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PREFACE 



The object of this treatise is to afford a systematic 
course of training in the art of solving Geometrical 
Deductions or Eiders. With this view it is divided into 
sections, each section consisting of three parts. There 
is first a deduction worked out in full, which is intended 
to serve as a model for the student. This is followed 
by a number of similar deductions, which are to be 
written out by the student, the figure being given in 
each case, and such hints regarding the mode of solution 
as experience shows are required by beginners. Lastly, 
each section contains some deductions to be accomplished 
without this aid, no figures or assistance being given 
except an occasional reference to the proposition on 
which the proof depends, or to a previous example. 

As a rule it is desirable that the proofs should de- 
pend upon propositions of Euclid, and not upon previous 
examples, the only exception being in the case of certain 
standard theorems which are indicated in the text. 

For convenience of reference, especially in the case of 
those who have used text-books other than Euclid's, the 
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enunciations of Euclid's propositions are given in an 
Appendix. 

It is not necessary, and perhaps not desirable, that on 
his first reading the student should work through every 
example in each section. He should in each case, 
however, write out a sufficient number to insure his 
mastery of the principles involved; the others will be 
found useful when he comes to revise. 

The exercises have been gathered from all available 
sources, including examination papers and geometrical 
text-books, English and foreign. 

The authors acknowledge valuable suggestions and 
assistance from Messrs. Butters, Cla.rk, and Walker, 
Heriot's Hospital School; Mr. R F. Davis; the Eev. 
W. F. Failes, Westminster School ; Mr. Hayward, Harrow 
School; Mr. Macdonald, Daniel Stewart's College; Dr. 
Mackay, Edinburgh Academy; Eev. J. J. Milne; Dr. 
Muir, Glasgow High School; Professor Eaitt, Glasgow 
Technical College ; Mr. Eobertson, Edinburgh Ladies' 
College ; Eev. G. Style and Mt. Wynne-Edwards, Giggles- 
wick School; Mr. Tucker, University College School; 
Dr. Kolbe, Cape Town, and other friends. 

Additional parts, corresponding to the remaining books 
of Euclid, are in preparation. 
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CHAPTER I. 



THEOREMS. 



§ 1. {Bookwork, Euclid, I. 1-4.) 



1. Any point on the bisector of the vertical angrle of an 
isosceles triangrle is eqTia.lly distant from the extremities of 
the base. 

Let ABC be an isosceles triangle, and let AP bisect its 
vertical angle ; it is required to prove that 

BP=CP. 




In As BAP, CAP 



i 



BA = CA, 
AP = AP, 
BAP=z. CAP; 

.-. A BAP=ACAP; 

.-. BP = CP. 

A 



[Hypothesis. 

[Hypothesis. 
[Euc. I. 4. 
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r§i. 



2. The straifirht line whicli bisects the vertical an^rle of an 
Isosceles triangrle bisects the base, and is at right angles 
to the base. 

A 

Show, as in above proof, that 
A BAD= A CAD, 
and hence 

(1) BD=CD, 

(2) iLADB=z.ADC=rt.z.. [Def. ofrt. z_ 




8. ABC is an isosceles triangle, and in AB, AC points G, H 
are taken so that Aa=:AH. Show that (1) BH^CG, 
(2) z ABH = z ACQ, (3) zAHB= z AGO.],. 



Use Euc. I. 4 to show that 




ABAH=ACAG. 

Examine the case in which G and H 
are on AB and AC produced. 



4. If through the mid-point of a given straight line a perpen- 
dicular to the line be drawn, any point in the perpendicular 
shall be equally distant from the extremities of the given line. 

(^ standard 7%eorenk) 

Use Euc. I. 4 to show that 
AACP=A BCP. 

Note. — Standard Theorems may be used in 
proving oth^ deductions in the same way as 
Euclid's propositions, but instead of referring 
to them by number, the student should quote 
the enunciations. 




§ I.] Book I. — ;Theorems ^ 

6. If through the mid-points of two sides of a trlangrle 
perpendiculars to these sides be drawn, their point of intersec- 
tion shall be equally distant tram the> three angrular points of 
the triansrle. 

Show as in Ex. 4 that 

(1) AO=BO, 
(2)" AO=CO. 

Observe that the point O need 

not be within the triangle. 

B' 

6. If two quadrilateral figrures have three sides and the two 
contained angrles of the. one respectively equal to the cor- 
respondinsr sides and angrles of the other, they shall be con- 
gruent, i.e. equal in every respect. 





LetAB=EF, BC=FG, CD=GH, 

Use superposition as in Euc. I. 4. 

7. If two quadrilaterals have three angles and the two in- 
cluded sides of the one respectively equal to the corresponding 
angles and sides of the other, they shall be equal in all respects. 

Use superposition. 

8. If AB, or AB produced, bisect CD at right angles, then 
AACB=aADB. 

Use Euc. I. 4. 

9. The A ABC is folded over the side AC so as to come into 
the position AB'C ; show that BB' X AC. 

Use Aic. I. 4. 

10. AB is a finite straight line, and AC, AD make equal 
angles with It on opposite sides. If AC^^AD, show that 
BC, BD also meJce equal angles with AB. 




4 Geometrical Deductions [§ 2. 

§ 2. (Bookuxyrk, Euclid, I. 1-6.) 

1. The trlancrle formed byjoininsr the znid-polnta of the sides 
of an equilateral triao^rle is itself equilateraL 

A 

Let D, E, F be the mid-points of 
the sides BC, CA, AB, of the equi- 
lateral A ABC; it is required to 
prove that 

A DEF is equilateral. 

/ FA = FB, [Hypothesis. 

In As FAE, FBD ^ AE = BD, [Halves of equal lines. 

{ lA = l B; llluc. I. 5. 

.'. A FAE = A FBD ; [Euc. I. 4. 

•. FE = FD. 
Similarly it can be proved that FD= DE ; 
.*. A DEF is equilateral. 

2. P, Q, B are points in the sides AB, BC, C A of an equilateral 
trianerle such that AP=BQ=:CB, show that A PQB is equilateral. 

A 

Use Euc. I. 5 and I. 4 to show that 
APAR = AQBP = ARCQ. 



Q 

8. P and Q are points in the base of cui isosceles triangrle, such 
that BP=GQ ; show that AP»AQ. 

A A 

Use Euc. I. 5 and I. 4 to prove 

AABP=AACQ. 






Examine the cases in which 
P and Q are on BC produced. 

B Q 



§2.] 
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4. The equal sides BA, CA of an isosceles triangle are 
produced beyond the vertex to P and Q, so that AP=AQ; 
show that BQ=CP. 



Prove BP=CQ. 
Use Euc. I. 5 and I. 4 to show 
APBC=AQCB. 

Compare § 1, Ex. 3. 



B C 

5. The bisectors of the angrles at the base of cui isosceles 
triangrle are produced to meet ; show that the triangrle thus 
formed is isosceles. 





Use Euc. I. 5 and Axiom 7 to show 

z.lBC=z.lCB. 
Use Euc. I. 6 to show BI=CI. 



6. The bisectors of the three angrles of an isosceles triangle 
meet in a point. 



Let the bisectors of z. s B and C meet 
in I. Join Al. 

Show, as in Ex. 5, that BI=CI. 

Use Euc. I. 4 to prove A ABI = A ACI ; 
and hence show that A I is the bisector 
of z-A. 



7. From AB, AC, the equal sides of an isosceles trianfirle> equal 
lensrths AD, AE are cut off. BE £tnd CD meet in P. Show that 
AP bisects zA. 

Use Euc. I. 4 and I. 6. 

8. The straisrht lines Joining: the angrular points of an isosceles 
triangle to the mid-points of the opposite sides meet in a point 

Use the methods of the previous Ex. and § 1, Ex. 2. 
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§ 3. (Bookwork, Euclid, I. 1-8.) 

1. The Btraifirlit line which Joins the vertex of an isosceles 
trianfiTle to the mid-point of the base, bisects the vertical angle 
and is perpendicular to the basa 

Let ABC be an isosceles triangle having AB=AC, and let 
BD=CD ; it is required to prove 

(1) z. BAD =^ CAD, 

(2) AD X BC. 




rAD=AD, 
^^^« AB=AC, 



"Hypothesis. 

Hypothesis. 

[Euc. I. 8. 



ABD,ACD|-— '. 

.-. AABD=AACD; 
.-.(1) lBAD=l CAD, 

(2) z.ADB=z. ADC=art. l. 

[Def. of rt. L . 

Observe that this proposition is a converse to § 1, Ex. 2. 
It may be proved by Euc. I. 4 and I. 5 without employing 
Euc. I. 8. 

2. The straight line which joins the vertices of two isosceles 
triangles on the same base, bisects the base and is perpenr 
dicular to it. 

A A 

Use Euc. I. 8 to show that 
AABD=AACD, 
and.-. z.BAD=z.CAD. 

Compare As BAE, CAE. 

Note.— A quadrUateral which is divided by one diagonal into two 
isosceles triangles on one base is called a kite. The second part of the 
above theorem may therefore be thus expressed : The diagonals of a 
kite intersect at right angles. Observe that the diagonal which joins 
the vertices of the isosceles triangles divides the kite into two con- 
gruent triangles, and that it also bisects the other diagonal. 
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8. The opposite angles of a rhombus are equal, and the dia- 
gonals bisect them. 




B C 

ABC D is a rhombus; 

thatis, AB=BC=CD=DA. 
Draw the diagonal AC. 
Use Euc. I. 8 to show that A ABC = A ADC 



4. The diagronals of a rhombus bisect each other, cuid are at 
right angles to eeuch other. 



Show, as in Ex. 3, that 
L BAC= L DAC. 
Compare As BAO, DAO. 



Observe that this is a particular case of Ex. 2. 




5. The diagonals of a square (1) are equal to ea^h other, 
(2) bisect each other, (8) are at right angles to each other, and 
(4) bisect the angles of the square. 



For (1) show by Euc. I. 4 that 
ABAD=AABC. 



For (2), (3), and (4) use the methods of 
Exx. 3 and 4. 




8 Geometrical Deductions [§ 3, 

6. The straight lines drawn at rierht angrles to the sides of 
a trianfirle ftx>ni their mid-points, meet in a point which is 
equally distant from the three vertices of the trianerle. 

(A Standard Theoremu) 




Let D, E, F be the mid-points of BC, CA, AB. 

Draw EO, FO ± CA, AB. Join OD. 

As in § 1, Ex. 5, show that 

AO = BO=CO. 

Use Euc. I. 8 to prove A BOD = A COD, 

and hence show O D x BC. 

Observe that the point O need not be within the triangle. 

Definition. — Three or more straight lines which meet in a 
point are said to he concnrrent. 

Thus Ex. 6 shows that the straight lines drawn at right 
angles to the sides of a triaDgle from their mid-points are 
concurrent. 

7. If the opposite sides of a quadrilateraJ be equal, the 
opposite an^rles shaU also be equal. 

Use Euc. I. 8. 

8. The straigrbt line which Joins the vertices of two isosceles 
triansrles on the same base bisects both verticaJ angrles. 

9. ABCD is a quadrUateral in which the side AB=CD, and 
the diaeronal AO=BD. Show that z A= z D, z B= z C, and that, if 
AC and BD intersect In Q, the as OAD, OBC are isosceles. 
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§ 4. (BookworJc, Euclid, I. 1-14.) 



1. The bisectors of the adjacent angrles, formed by one straigrht 
line standinfiT on another straigrlit line, are at right angrles to 

each other. 

(A standard Theorem.) 




B 



Let AB stand on CD and let BE, BF bisect the angles 
ABC, ABD ; it is required to prove that 

z. EBF is a right angle. 
Because z. ABC is bisected 

z.ABE=Jz.ABC; 
similarly z.ABF=J^ABD; 
.-. by addition l EBF=H^ ABC+ z. ABD). 
But z- ABC+ ^ ABD=2 rt. l s ; [Euc. I. 13. 

.'. z- EBF is a right angle. 

Definitions. — Two angles which together make wp a right 
angle are said to he complementary angles^ and either angle 
is called the complement of the other. Two angles which together 
make up two right angles are said to be supplementary angles, 
and either angle is called the supplement of the other. 

Thus in Ex. 1, the z-s ABE, ABF are complementary, 
and the z.sABC, ABDare supplepaentary 



lO 
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2. The bisectors of the four angles, -which two intersectiner 
straight lines make -with each other, form two straiffht lines 
which are perpendicular to each other. 




Let A B, CD be the given straight lines, etc. 

Show as in Ex. 1 that z.s POQ, QOR, etc., are right 
angles, and apply Euc. I. 14. 



3. ABC is a triangrle in which AB > AC. The bisector of the 
z A meets the base in K, Show that z AKB is obtuse. 




From AB (the greater) cut oflf AD=AC. 
Use Euc. I. 4 to show that z. AKD= z. AKC. 
Deduce z. AKB> z. AKC, and use Euc. I. 13. 



§4.] 
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II 



4. If troTD. a point within a rigrht angrle perpendlculEirs be 
drawn to the lines containing: the au^le, cmd each perpen- 
dicular he produced its own lengrth, the extremities of the 
produced lines £tnd the vertex of the rierht angrle shall be in 
one straight Una 



Let ABC be the given rt. l . 
Use Euc. I. 4 to show that 

z.PBQ=z.MBQ, etc. 
Hence show that 

z.PBM+z.PBN=2rt. Z.S, 
and apply Euc. I. 14. 



Definition. — Three or more points which are in the same 
straight line are said to he collinear. 

Thus, in Ex. 4, M, B, N are shown to be collinear. 



A 
M Gt 


P 


^^^-v^ 


^.^^ 


R 


B 




N 



5. Four straigrht lines, OA, OB, OC, OD, meet in a point making: 
z AOD= z BOO, £tnd z AOB» z OOD. Prove that AO, OC (and 
BO, OD) are in the same straigrht line. 



Use Euc. 1. 13, Cor. ii.,* to show l s AOB, 
BOC supplementary. 

* This corollary is sometimes given as a corollary 
to Euc. I. 15. 




6. P is a point within the a ABO. Show that of the zs BPC, 
OP A, APB, at least two m\ist be obtuse. 

Use Euc. I. 13, Cor. ii. 



7. Prove § 2, Ex. 2, for the case in which P, Q, B are on the 
Bides produced. 

8. The comer of the leaf of a book is folded down. Show 
that the bisector of the angles formed by the edges of the 
leaf and the ed^res of the folded part are at right angles to 
the crease. 
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§ 5. (Bookworky Euclid, L 1-20.) 



1. The straierlit line drawn from cuiy angrular point of a 

trianffle to the mid-point of the opposite side is less than 

half the sum of the other two sides. 

(A standard Theorem.) 



In A ABC, let D be the 
mid-point of BC ; it is re- 
quired to prove that 
AD<|(AB+AC). 

Produce AD to E, so that 
DE=AD. Join EC. 




In As ADB, EDC 



[Construction. 

[Hypothesis. 

[Euc. I. 15. 

[Euc. I. L 

[Euc. I. 20. 



AD=ED, 
DB=DC, 
^ADB=^EDC; 
.-. AADB=AEDCi 
.-. AB=CE. 
But AC+CE>AE; 
.-. AC + AB>2AD, 

or AD<J(AB+AC). 

Definition. — The straight line drawn from any vertex 
of a triangle to the mid-point of the opposite side is called the 
^ediBJifrom that vertex. 

Thus Ex. 1 shows that the median drawn from any vertex 
is less than half the sum of the sides containing the angle. 

2. In an isosceles triangrle the medians drawn from the 
extremities of the base are equal. 



Use Euc. I. 4 to show that 

ABAE=ACAF. 
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8. If in any triangrle a median he perpendicular to the side to 
which it is drawn, the triangle shall be isosceles. 

A 



Use Euc. I. 4 to show that 
AADB=AADC. 




B" D 

Definition. — The straight line drawn from a vertex of a tri- 
angle perpendicular to the opposite side^ and terminated by that 
side, is called the Altitude /r(?m that vertex. 

Thus in Ex. 3, AD is both median and altitude. 

4. AK, the bisector of the z A of the triangrle ABC, meets BC in 
K ; show that AB > BK £tnd AC > CK. Hence obtain a second 
proof of Euc. I. 20. 

A 
Use Euc. I. 16 to show that 

z.AKB>z.KAC(orz.KAB), 

and apply Euc. I. 19. 



Definition. — In a tight-angled triangle the side opposite to 
the right angle is called the Hypotenuse. 




5. In any rigrht-angrled triangrle, the hypotenuse is erreater 
than either of the sides contedningr the rigrht angle. 



Use Euc. I. 17 and I. 19. 




14 Geometrical Deductions [§5. 

6. In any obtuse-anffled triansrle the side opposite to the 
obtuse angrle is greater than either of the sides containing the 
obtuse angla 

A 



Use Euc. L 17 and I. 19. 





7. ABC is a triangle in which AB > AC £tnd P is any point 
in BC. Show that AB > AP. 

Use Euc. L 18 to show that 
z-ACB> z-ABC, 

and Euc. I. 16 to show that 
z.APB> z-ACB, etc., 

and apply Euc. I. 19. 

Definition. — The sum of the sides of any rectilineal figure is 
called its Perimeter. 

Thus BC+CA+AB is the ^imeter of the A ABC. 

8. The sum of the medians of a triangle is less than the peri- 
meter of the triangle. 

^ Use Ex. 1 for the three medians in turn, 

add the results, and divide by 2. 

(See note on § 1, Ex. 4, as to the 
iQ use of standard theorems.) 

9. Of the three exterior angles of a triangle, any two are 
together greater than two right angles. 

Use Euc. I. 17. 

10. In the quadrilateral ABCD, AB is the longest and CD the 
shortest side. Show that z C > z A and z D > z B. 
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§ 6. (Boohwork, Euclid, I. 1-21.) 

1. If any point be taken within a triangrle, the sum of its 
distances from the angrular points shall be (1) greater than 
half the ];>erimeter of the triangrle, cuid (2) less than the 
perimeter. 

Let P be any point within A ABC ; it is required to prove 
that 

(1) PA+PB + PC>J(BC+CA+AB), 

(2) PA+PB+PC<BC+CA+AB. 




(1) In A PBC, PB+ PC> BC. [Euc. I. 20. 

Similarly, PC+PA>CA, 
PA + PB>AB; 
.*. by addition, 

2(PA+PB+PC)>BC+CA+AB ; 
.-. PA+PB+PC >J(BC+CA+AB). 

(2) In AABC, CA + AB>PB+PC, [Euc. I 21. 

AB + BC>PC+PA, 
BC+CA>PA+PB; 
.*. by addition, 

2(BC+CA+AB)>2(PA+PB+PC); 
.-. BC+CA+AB>PA+PB+PC, 
or PA+PB + PC<BC + CA+AB. 



1 6 Geometrical Deductions [§ 6. 

2. The perimeter of a quadrilateral is (1) firreater than the 
sum of the dLaffonal8» and (2) less than twice the sum of the 
dlaeronaJs. 




For (1) use Euc. I. 20 to prove that 

AB+BC>AC, BC+CD>BD, etc.; 

.-. 2(AB + BC+CD+DA)>2(AC + BD), etc. 

For (2) use Euc. I. 20 to show that 

OA+OB>AB, etc. 

8. Any three sides of a QuadrUateral £u:e together grreater 
them the fourth side. 

Draw a diagonal and use Euc. I. 20. 

4. If P be a point within a quadrilateral ABCD 

BC+CD+DA>AP+PB. 





B A 



Produce AP to meet BC or CD, and use Euc. I. 20 and 
the method of Ex. 3 to show in fig. 1 that 

BC+CD+DA>AE + EC+CB>AP+PB, 
and in fig. 2 that 

BC+CD+DA>AF+FB, etc. 
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5. If a point be taken within a quadrilateral, the sum of its 
distances from the angrular points shall be (1) grreater than 
one-half, and (2) less than three-halves of the perimeter. 




For (1) use Euc. I. 20. 

PA+PB>AB, etc. 
For (2) show, as in Ex. 4, that 

BC+CD + DA>PA+PB, etc. 

6. If within a quadrilateral ABGD, P be a point which is 
not the point of intersection of the dia^ronals, 

PA+PB-i-PC+PD>AO+BD. 



Use Euc. I. 20. 




7. The difference between two sides of a triangle is less than 
the third side. (A Standard Theorem.) 

A 




From AB cut off AD=AC. Join CD. 
Use Euc. I. 1 6 to show that 

z.BDC> Z.ACD and z.ADC>z.BCD. 
Apply Euc. I. 5 and I. 19 to deduce BC> BD. 
Otherwise. AC + BC > A B, [Euc. I. 20. 

or AC+BC>AD+BD. 
ButAC=AD; 
.-. BC>BD. 

B 



1 8 Geometrical Deductions [§6. 

8. The perimeter of a pentagron is greater than one-half the 
sum of the diagonals and is less than the sum of the 
diagonala 

Use Euc. I. 20. 

(1) AB+BC>AC, etc., 

(2) AO+BO>AB, etc., 
also AC > AO+ PC, etc. 

0. The perimeter of a hexagon is greater than one-half the 
stun of the diagonals which Join alternate angles, and is also 
greater than two-thirds the sum of the diagonals which Join 
opposite angles. 




F ^E 




(1) AB + BC>AC,etc. 

(2) AB-fBC+CD>AD, etc. 



B 

10. All the sides but one of any polygon are together greater 
than that one. 

Use Euc. I. 20. 

11. Show that in any quadrilateral the sum of any two sides 
is greater than the difference of the other two. 

Use the method of Ex. 10 or of Ex. 7. 

12. If one triangle be wholly enclosed in another, the peri- 
meter of the external triangle shall be greater than that of 
the internal. 

Produce the sides of the internal triangle in order, and 

use the method of Ex. 10. 

13. The stun of the distances of cmy point from the angular 
]X>ints of a polygon is greater thetn haJf the perimeter of the 
polygon. 

14. ABC is a triangle having AB > AC, and D is a point in BC 
such that AD>AC. From DA, DE is cut off = AC, and 
AE is bisected in F. If P be a point in FA, prove that 
BP+PD >BA+AO. 
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§ 7. (BoohworJc, Euclid, I. 1-26.) 



1. In an isosceles trian^rle the altitude drawn from the vertex 
is also the median and the bisector of the vertical anerle. 

A 




Let ABC be an isosceles tnangle having AB=AC, and 
let AD be i. -BC ; it is required to prove that 

(1) BD= CD, 

(2) iLBAD=z.CAD. 

C AB= AC, 
InAsABD, ACD^ iLABD=iLACD, 

(z.ADB=iLADC; 
.-. AABD=AACD; 



[Hypothesis. 

[Euc. I. 5. 

[Eight angles. 

[Euc. I. 26. 



.-.(1) BD = CD; (2) lBAD=lCAD. 

2. In an isosceles triansrle the altitudes drawn from, the 
extremities of the baise are equal. 

A 



Use Euc. I. 26 to show 
AABQ=AACR. 




Definition. — TJie straight liive drawn from a vertex of a tri- 
angle, bisecting the angle at that vertex and terminated ly tlie 
opposite side, is called the Bisector of that angle. 



20 



Geometrical Deductions 



[§7. 



8. In an isosceles triangrle the bisectors of the anfirles at the 

base are equal. 
A 



Use Euc. I. 5 and I. 26 to show 

either that A ABL= A ACM, 

or AMBC=ALCB. 



4. If in a trlanfirle an altitude be also the bisector of the 
angle from, which it is drawn, the triangle shall be isosceles. 

A 





Use Euc. I. 26 to show that 
AABD=AACD. 



B D C 

5. P, Q, and B are points in the sides of an equilateral A ABO, 
such that AP=BQ=CR. Show that the triangle formed by 
the intersection of AQ, BB, OP is equilateral. 

^ Use Euc. I. 4 to show that 

A ABQ= A BCR= A CAP ; 
and Euc. I. 26 to show that 

A APX= A BQY= A CRZ. 
Hence show that 
YZ=ZX=XY. 

6. Any point on the bisector of an angle is equally distant 
from the arms of the angle. 

Let Bl hisect Z.ABC. 

Draw IZ, IX J. AB, BC. 
Use Euc. I. 26 to show IX=IZ. 

Definition. — The length of the 
'perpendicular drawn from an external 
point to a straight line is called the 
Distance of the point from the line. 
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7. The point in which the bisectors of two angles of a triangrle 
meet is equally distant from the three sides of the trianerle. 

Let the bisectors of angles 

B and C meet in I. ^ 

Draw IX, lY, IZ x BC, CA, AB. ^^ ^^ 

Use Euc. I. 26 to show that 
IX=IZ, IX=IY. 

8. The point in which the bisectors of two exterior angrles of 
a triangrle meet is equally distant from the three sides of the 
trianfirle. 




Use Euc. I. 26. 





9. In the A ABC, if D be the mid -point of BC and zADB 

be obtuse, then AB > AC. 

A 

Use Euc. I. 24 to compare 
As ADB, ADC. 



10. The stralfirht lines drawn througrh the extremities of the 
base of an isosceles triangrle, equally inclined to It and ter- 
minated by the sides, axe equal. 

Use Euc. I. 26. 

11. If two triangrles have the same base, and if the straigrht 
line which joins their vertices bisect both vertical angrles, 
show that both triangles are isosceles. 

12. If, in the a ABC, AB >AC and D be the mid-point of BC 
then zADB shaUbe obtuse. 



22 



Geometrical Deductions 



[§8. 



§ 8. (Boohwork, Euclid, I. 1-26.) 



1. Of all straifiTlit lines which can be drawn to a ffiven 

staraiffht line fix>m a ffiven point outside, the ];>erpendicular is 

the least ; and, of the others, those which maJce eqvial anerles 

with the peipendicular are equal, and that which makes a 

greater angle with the perpendicular is greater than that 

which makes a less angle. 

(A standard Theorem.) 

P 




Let P be the given point, and AB the given straight line, 
and let PC be j. AB, let PD, PE be drawn to AB making 
equal lb CPD, CPE, and let PF be drawn making 
iL CPF> iL CPD ; it is required to prove 

(1) PD>PC, 

(2) PD=PE, 

(3) PF>PD. 

(1) In A PDC, PCD is a right angle; 

,-. z.PCD>z.PDC; 
.-. PD>PC. 

PC=PC, 



Euc. L 17. 
Euc. I. 19. 



' z.PCD=z.PCE; 

.-.A PDC=A PEC; 
.-. PD=PE. 

(3) In A PDC, z.PDF>rt.z.PCD; 

.*. L PDF is obtuse; 
.'. xi PFD is acute; 
.-. PF>PD. 



[Hypothesis. 
[E.ight angles. 

[Euc. I. 26. 
[Euc. I. 16. 



Euc. I. 17. 
Euc. I. 19. 
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2. ABC is a triangrle rigrlit-angrled at C, and P, Q are points 
in BC. CA ; show that AB >PQ. 



Join A P. 

Use Ex. 1 to show that 

AB>AP, 
and similarly 

AP>PQ. 



3. P is any point in the side BO of A ABC ; PM, PN axe per- 
pendiculars to AB, AC ; show that BC > MN. 

A 




Use Euc. I. 19 and I. 20. 




4. The three altitudes of any triangrle are togrether less than 
the perimeter. ^ 

Use Ex. 1 to show that 
AB>AP, etc. 




5. ABC is a triangrle, obtuse-angled at C, and D is any point 
In BC ; show that AD > AC and < AB. 

Use Euc. I. 17 and I. 19. 

6. If the point A be equidistant from the point B and the 
straigrht line CD, any point in BA shall be nearer to B than to 
CD ; but any point in BA produced beyond A shall be farther 
from B than from CD. 

Use Euc. I. 20 and Ex. 1. 

7. ABCD is a square, and F is any point on BC produced, 
show that AF > AC. 



a In the A ABC, AP is the altitude from A; if BP>PC, 
show that AB > AC. 
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§ 9. (Bookwork, Euclid, I. 1-26.) 



1. Two rigrlit-aiigrled triangrles sha,!! be oonfirnient if they have 
one of the sides oontaininer the rigrht angrle in the one equal 
to one of the sides oontaininer the rigrht angrle in the other, 
and also the hypotenuses equaL 

(A standard Theorem.) 






B C 

Let ABC, DEF be two triangles, having AB=DE, 
AC=DF, and ^is B, E rt. z-s; it is required to prove that 

AABC=ADEF. 
Let the As ABC, DEF be placed so that the equal sides 
AB, DE may coincide as KM, and the points C and F may 
all on opposite sides of KM as L and N. 

Then because ^l s B, E are right angles ; 
LM N will form one straight line ; [Euc. I. 14. 
and KL=KN, since AC = DF; 
.-. iLKLM=z.KNM; 
KM= KM, 
z.KML=^KMN, 
UKLM=z.KNM; 
.•.AKLM=AKNM, 
or A ABC = A DEF. 



.'. in As 
KLM, KNM 



[Euc. I. 5. 

[Right angles. 

[Proved above. 

[Euc. L 26. 



2. Two triangrles shall be congruent if their bases, medians, 
and altitudes be respectively equal. 

Use Ex. 1 to show 
AADE=APST, 
and.-. DE = ST. 
Hence show that 

BE=QT, CE = RT 




E C 




and use Euc. L 4 to show that A ABE = A PQT, etc. 
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8. If two triangrles have two sides and an altitude in each 
respectively equal, and both altitudes fall within or beyond 
the bases, the trianerles shall be congruent. 



Case L 

In either pair of figures, let 

AB=PQ, AC=PR, 

AE=PT, 
Use Ex. 1 to show 
AABE = APQT, 
AACE=APRT. 

Case IL 

LetAB=PQ, BC=QR, 

AE = PT. 

Use Ex. 1 to show 
AABE = APQT. 






R r 



Then use Euc. I. 4, 



4. If two triangles have two sides and a corresponding 
median in each respectively eqvial, they shall be congruent. 

A P 




T V 

Case I, 

Let AB = PQ, BC=QR(and.\ BD=QS), AD=PS. 
Use Euc. I. 8 to show A ABD= A PQS, 
and Euc. I. 4 to show A ABC= A PQR. 

Case IL 

Let AB=PQ, AC=PR, AD=PS. 
Produce AD, PS to F and V, so that DF=AD, SV=PS. 

Join CF, RV. Prove CF=AB, etc. 

Use Euc. L 8 to show A ACF= A PRV; Euc. L 4 to show 

A DAC= A SPR, and L 8 to show A ABC=A PQR. 
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6. If the altitudes drawn from the extremities of the base of a 
triangle be equal, the triangle shall be isosceles. 
A 





Use Ex. 1 to show 

ABCR=ACBQ, 
and apply Euc. I. 6. 



6. The bisectors of the three angles of a triangle are con- 
current. (A standard Theorem.) 

Let the bisectors of z. s B and C 
meet in I. 
Draw IX, lY, IZ j. BC, CA, AB. 
Show as in § 7, Ex. 7, 

IX=IY=IZ. 
Use Ex. 1 to show 
AAIZ=AAIY, 
and deduce that A I bisects l A. 

7. The bisectors of the verticcd angle of a triangle and of the 
two exterior angles at the extremities of the base are concurrent. 

(A standard Theorem.) 

Bisect exterior ^l s at B and C 

by BJ, CJ. 

Draw JX, JY, JZ 

±BC, CA, AB. 

Use Euc. I. 26 to show 

JX=JY=JZ. 

Use Ex. 1 to show 

AAJZ = AAJY, etc. 

8. A is the centre of a circle, and through B a point within the 
circle CD is drawn perpendicular to AB, meeting the circum- 
ference in C and D. Show that CB=DB. 

Use Ex. 1. 

9. If the bisectors of the exterior angles of the a ABC be 
prodt^ed to form a A PQB ( z P opposite z A, etc.), then AP, BQ, 
CB ^all be concurrent, and shall also be perpendicular to QR, 

R?. PQ. Use Exx. 7 and 6. 
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§ 10. (Bookwork, Euclid, I. 1-27.) 

1. If two trianGTles have two sides of the one equal to two sides 
of the other, each to each, and have likewise the angles eqvial 
which axe opposite to one pair of eqvial sides, the angrles opposite 
to the other pair of equal sides shall be either eqvial or supple- 
mentary ; and, in the former case, the triangles shall be oon- 

fif"^®^** (A Standard Theorem.) 






B C B C E F G 

Let ABC, DEF be two triangles, having AB=DE, 
AC= DF, and lB= lE; it is required to prove that 

either iLC= ^i F, 
or lC+ L F=two right angles. 
Let A ABC be applied to ADEF 
so that A may fall on D^ and AB along DE ; 

then B will fall on E, since AB=DE ; 

also BC will lie along EF, since z. B= ^ E. 

If the point C fall on F, then 

AABC=ADEF, [Euc. L 4. 

and lC= l F. 
But if C do not fall on F, let it fall otherwise as at G. 

ThenDG(orAC) = DF; 
.-. z.DFG=2lDGF. 
But z- DFG+ ^ DFE=two right angles; 
.•. z. DGF (or ACB)+ ii DFE=two right angles. 

i.e. lO'\- L F=two right angles. 

Note.— (1) If the equal angles B and E are right angles the case 
becomes that of § 9, Ex. 1. 

(2) If the conditions are known to be snch that angles C, F can- 
not be supplementary, the triangles must be congruent. 



28 



Geometrical Deductions 



[§ia 



2. Two Ad ABC, DEF have AB=:DE, AC=DF, and the obtuse 
z B= z E ; show that A ABC= A DEF. 





Use Ex. 1 to show that lb C, F must be either equal 
or supplementary, and use Euc. I. 17 to show that both are 
acute, and must therefore be equal. 

V 

a Two AS ABC, DEF have AB=DE, AC=DF, and z B= z E ; 
also the zs C, F are known to be both obtuse; show that 
A ABC £ A DEF. 




Use Ex. 1, and show that ^ls C and F cannot be 
supplementary. 



4. Two AS ABC, DEF» have the sides AB, AC respectively- 
equal to DE, DF, z C= z F, and it is known that AC is not > AB ; 
show that A ABC= A DEF. 





Use Ex. 1, and show that neither the z. B nor the l E 
can be obtuse, as in that case we should have, by Euc. I. 19, 

AC>AB or DF>DE. 
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5. Two AS ABC, DBF have AB=DE, AC=DF, and / C+z P 
equal to two right ancrles ; show that z B= z E. 





F a 



Place the triangles so that AC and DF coincide as PR, 
while the points B and E lie on opposite sides of PR as Q 
and S ; then 

QRS is a straight line, [Euc. I. 14. 

and L Q= l S ; [Euc. I. 5. 

that is, z- B = z- E. 

e. Two AS ABC, DBF have AB=DB, AC=DF, and z B=z B ; 
also the zs C, F are known to be both acute; show that 
AABC=aDBF. 

Use Ex. 1 

7. Two AS ABC, DBF have AB=DB, z B= z B and z C supple- 
mentary to z F ; show that AC=DF. 

Use superposition and Euc. I. 6. 

8. ABCD is a quadrilateral havinsr AB=CD, and the obtuse 
z A= z C ; show that ABCD is a parallelogrram. 

Use Ex. 1 and Enic. I. 27. 

0. ABCD is a quadrilateral having: AB=CD, and the acute 
z A= z C ; show that ABCD is or is not a parallelogrram accord- 
ing* as the z s ADB, DBC are equal or supplementary. 

Use Ex. 1 to compare the As ABD, CDB. ^ 
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§ 11. (Bookwork, Euclid, I. 1-29.) 



1. If a straifiTht line intersect two pcurallel straifirlit lines, any 
line drawn tliroufirli its mid-point, and terminated by the 
parallel lines, shall be bisected at that point. 




Let AB, C D be two parallel straight lines intersected by E F, 
of which O is the mid-point, and let POQ meet A B, CD in 
P, Q; it is required to prove that 



In As PEO, QFO - 



PO: 

EO 

^PEO: 
^ Z.EPO: 

.-. A PEOi 
..-. PO 



QO. 

FO, 

L QFO, 
^FQO; 

A QFO 

QO. 



[Hypothesis. 
Euc. I. 29. 
Euc. I. 29. 

[Euc. I. 26. 



2. ABC is a triangrle, and through I, the point of intersection 
of the bisectors of zs B and C, PIQ is drawn II BC, meetingr 
AB, AC in P, Q; show that PQ=PB+QC. 




B^ C 

Use Euc. I. 29 and L 6. 
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8. ABC is a triangle, having: AB > AC, and througrh J, the point 
of intersection of the bisectors of z B and exterior angrle at C, 
PQJ is drawn parallel to BC, meetingr AB, AC in P, Q ; show 
that PQ=PB-QC. 

A 




B' C 

Use Euc. I. 29 and I. 6. 

4. If two intersecting: straig:ht lines be respectively parallel 
to two other intersecting: straig:ht lines, any ang:le made by 
the first pair shall be either equal or supplementary to any 
ang:le made by the second pair. (A standard Theorem, 

A. 




B F 

O and P are the points of intersection. 
Let AB, GH meet in Q. 
Use Euc. I. 29 to show that 
lAOD= l 0QP= l EPH= l GPF. Apply Euc. I. 13. 

5. Two paraUelogrrams shall be congruent if they have two 
adjacent sides and the contained angrles respectively equal. 

A D E H H E 




"C F ^G G F 

Let AD=EH, AB = E:F, lA=^lE. 
Use Euc. L 29 to show z. D= z. H, ^ B 
and prove by superposition. 



= lF, 
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6. If the opposite Bides of a quadrilateral be equal it shall 
be a paralleloffram. 




Join BD. Use Euc I. 8 to show 

AABD = ACDB, 

and apply Euc. I. 27 to show 

AB II DC and AD || BC. 

Oor.— BvQry rhombus is a pcuraUelogram. 



7. If from any point in the bisector of an angrle straight 
lines be drawn parallel to the arms of the angrle and 
produced to meet the arms, the figure thus formed snaU be 

a rhombus. 

Use Euc. I. 29 and I. 6. 



8. If one angle of a parallelogram be bisected by a disigonal, 
then aU the angles shall be bisected by diagonals. 

Use Euc. I. 29, etc. 

9. ABCD is a quadrilateral having BC II AD. If AC bisects z A 
and BD bisects z D, show that AB=BC=CD. 



10. ABC is a triangle having AC >AB ; through J, the point 
of intersection of the bisectors of z B and exterior z C, QPJ 
is drawn || BC, meeting BA, CA, produced in P, Q; show 
that PQ=QC-PB. 
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§ 12. {Boohworh, Euclid, I. 1-32.) 

1. In a rigrht-angrled triangrle the mid-point of the hypotenuse 

is equally distant from the three angrular points. 

{A Sta/ndard Theorem.) 

Let ABC be a triangle right-angled at A, and let D 

be the mid-point of BC ; it is required to prove that 

AD=BD=CD. 

A 




Produce AD to E, so that DE=AD. 

In As ( ;?=^?' 

ADCEDBi ^?^=^??^« 
{ z.ADC=^EDB; 

.-. AADC=AEDB; 

.-. AC=BE, AD=:DE, 

and 2lACD=z.EBD. 

But ^ACB-fz.ABC=a right angle ; 

. •. z. A B E = a right angle. 

C BA=AB, 



Join BE. 

[Construction. 

[Hypothesis. 

[Euc. 1. 15. 

[Euc. I. 4. 



pSuc. L 32. 



In As 



AC = BE, 



BAC, ABE) ^BAC=iLABE; 



.-. ABAC=AABE; 

.-. BC=AE; 
.'. their halves are equal, or 
AD=BD=CD. 

G 



[Proved above. 

[Bight angles. 

[Euc. I. 4. 
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2. PQB U an iBoeceles trianfirle havinfir PQ=PB, and BP is 
produceaitsownlen^htoS; show tliat BQS ia a rierht angrle. 

Q 

Use Euc. L 5 to show that 

z.Q=z.R+^S 

and apply Euc. I. 32. 

8. ABC is a trian^rle rifflit-anfirled at A, and AP is perpendicular 
to EC ; show that trlanfflee ABO, PAO, PBA are equiangular to 
each other. 



Show that As ABC, PAC 
have one angle common, and 
have each a right angle ; and 

.-.by Euc. I. 32 their third 
angles are equal, etc. 



4. If two intersecting straight lines be respectively perpen- 
dicular to two other intersectingr straifirht lines ; any angrle made 
by the first pair shall be either equal or supplementary to any 
ancrle made by the second pair. 

Let PA J. QA, PBxQB. 

Show that in 
As POA, QOB, 
two angles are equal, and 
.-. ^ APO= L BQO [Euc. I. 32. 



5. ABC is a triajiffle rigrht-an^led at A, AD is the median, and 
AP the altitude from A ; show that l DAP is equal to the differ- 
ence of the ^ s B and C. 







Use § 12, Ex. 1 to show that 

£.DAC=^C, 

and show as in Ex. 3 that 

L PAC= L B. 






i 
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e. Any anerle of a trlangrle is acute, rifirht, or obtuse accord- 
ingr as the median from it is greater than, equal to, or less 
than half the opposite side. 



Use Euc. I. 18 or 5, and 32. 




S=^i 




7. AOC, BOD are two intersectingr straight lines ; AB, OD 
are Joined, and the zs B, C are bisected by BE, CE; show 
that zE=J(^ A+z D). 



In As ABF, CEF 

In AsCDG, BEG, 
Add results, etc. 



a F and E are the mid-points of AB, AC ; BE and CF are 
produced to L and M so that BL=BE, FM~CF ; show that 
M, A, L are collinear. 





Use Euc. I. 4 to show that 
L MAF= L. FBC, 
and L LAE= l ECB, 
and apply Euc. I. 32 and 1. 14. 



9. Each of the medians AD, BE, CF is produced its own 
length to K, L, M ; show that the sides of the A KLM pass 
through and are bisected by the points A, B, C. 

M A — L 



Show as in previous Ex. that 

M, A, L are collinear 

and MA=BC=AL, etc. 




1 
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10. ABOD iB a quadrilateral, liavlnfir ^ABC= i^ ADO; AB and 
DC meet in B ; AD and BC in F ; show tliat z AED» z AFB. 




Use Euc. I. 32 to compare angles of As A ED, AFB. 

11. If two sides of a triangrle be unequal, and if from their 
point of intersection three straight lines be drawn, namely 
the bisector, the median, and the altitude, the first shall be in- 
termediate, both in magnitude and position, to the other twa 




In A ABC,AB>Aa 
Let AD, AK, AP be the median, bisector, and altitude. 

Produce AD to E so that DE=AD. 
Use Euc. I. 4 to show A ADB=A EDO, and EC=AB 

.-. EC>AC. 
Use Euc. I. 18 to show l DAC> l DAB ; 

.-.AD falls within l BAK. 
Use Euc. I. 18 and I. 32 to show l BAP> l CAP; 
.-. AP falls within ^ CAK. Apply § 8, Ex. 1. 
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12. In any trianerle the angrle contained by the bisector of 
an angrle and the altitude drawn from that angrle is eqiial to 
half the difference of the other angles. 

A 




Use Euc. I. 32. 

lAPK=^{lA+ lB+ lC), etc. 



13. In the A ABC, D is the mid-point of BC, and BL, CM are 
the fihltitudes from B and C ; show that a DLM is isosoelea 

Use Ex. 1. 

14. ABC is any triangrle» and from A and C, AD, CE are 
drawn equal and perpendicular to AB, BC respectively. From 
D and E, DF, EQ aj:*e drawn perpendicular to AC, or AC pro- 
duced. Show that DF+EG= AC when anfirles A and C are both 
acute, but that DF '^ EG= AC when one of them is obtuse. 

Draw BH J. AC, and use Euc. I. 32 and I. 26. 

16. ABC is a triangrle in which the z B is double the z C, and 
the altitude AP fJEklls within BC ; if AB be produced to Q so that 
BQ=BP, then QP produced shaU bisect AC. - 

Use Euc. I. 32 and I. 6. 

16. If througrh three points in the sides of a triangrle three 
straigrht lines be drawn making equal angrles, towards the 
same parts (that is, in the same direction of circular rotation), 
with the three sides of a triangrle, they shall form a trianerle 
equianfirular with the eriven triang>le. 

Use Euc. I. 15 and I. 32. 

17. If each of the angles at the base of an isosceles triangle 
be one-fourth the vertical angrle, any line drawn perpendicular 
to the bcu3e shall form an equilateral triangle with the sides 
(produced where necessary). 

18. If in the sides of a griven square four points be taken at 
equal distances frvm the angrular points toward the same 
parts, the flgrure contained by the straifirht lines which Join 
these points shall be a square. 



38 



Geometrical Deductions 



[§i 






§ 13. (Bookwork, EucuD, L 1-32.) 



1. If in a rierlit-Anerled triangle one of the acute anerles be 

twice the other, then the hypotenuse shall be equal to twice 

the Bide opposite the smaller acute ansrle. 

(A standard Theonm.y 

A 




Let ABC be a triangle, right-angled at C and having 
z. ABC=2 z- BAG ; it is required to prove that 

AB=2BC. 

Produce BC to D so that CD= BC. Join AD. 



In As I AC=AC, 
ACB, ACD) CB-OD, 

' ( z. ACB =^ ACD; 



[Construction. 
[Right angles. 

.-. AACB=AACD; [Eua I. 4. 

.-. iLBAC=iLDAC, z.ABC=z.ADC; 
.-. z.BAD=2z.BAC=/.ABC=^ADC; 

.-. BD = DA=AB; [Euc. I. 6, Cor. 

or AB=2BC. 

Note. — It is usual to measure angles by degrees, a right angle being 
90\ The sum of the three angles of any triangle is therefore 180**, and 
each angle of an equilateral triangle is 60^ 
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2. If in an isosceles tiianfirle any one angle be 60', the trlanfirle 
shall be equilateral. 




(1) Let AB=AC, and l B=60°. 
(2)Let AB=ACand z.A=60°. 

Use Euc. I. 5 and Euc. I. 32. 



3. ABC, DBC are two equilateral trianerles on opposite sides 
of the scune base ; BB, BF are the bisectors of the ancrles ABC, 
DBC, meeting: AC, CD in B, F ; show that A BBF is equilateral 



Use Euc. I. 4 to show 

AABE=ACBE; 

And Euc. I. 4 or I. 26 to show 

ABCE=ABCF; 
z.EBF=iLABCandEB=BF, 
(the case discussed in Ex. 2). 



4. ABC is an equilateral triansrle ; BO, CO bisect the angrles 
B, C; OP, OQ are paraUel to AB, AC, meetinff BC in P, Q; 
show that BO is trisected in P cuid Q. 




Use Euc. L 29 and I. 32 to show 

OPQ an equilateral A. 
Use Euc. I. 29 and I. 6 to show 
BP=OP, etc. 
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6. ABC is any trianerle. and on AB, AC equilateral ^b ADB, 
AEC are deacrlbecL both eztemally (or both internally) ; show 
thatBB=»CD. 

Use Euc. I. 4 to show 
A BAE=A DAC. 
A similar method applies to the 
case where the equilateral triangles 
are described internally. 

6. ABC is an isosceles triangrle, and DEF is x>erpendicular to 
BC, meetincT BA produced in D, AC in E, and BC in F ; show 
that aADE is isosceles. 

D Show by Euc. I. 32 that 

z. ADE is the complement of l B, 

and by Euc. I. 15 and 32 that 

z. A ED is the complement of l C, etc. 

Examine the case in which E is on 

AC produced. 

B F C 

7. The ansrle contained by the bisectors of the equal angles 
of an isosceles triancrlo is equal to the exterior angrle formed by 
producing the base. 

Show that the three angles 
of A IBC= the three angles 
at point C. 

C b 

8. In the A ABC, BA is produced to D, and AE bisects 
the z DAC ; show that 

D (1) If AB=AC, AE II BC; 

(2) If AE|| BC, AB=AC. 

(1) Use Euc. I. 5, 32, and 27. 

(2) Use Euc. I. 29 and 6. 
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9. ABC is an isosceles trianerle, and the bisectors of the 
equal angrles B, C meet the opposite sides in L, M ; show that 

bm=ml=oij. a 

Use Euc. I. 26 to show AM = AL, 
and hence by Euc. I. 32 and I. 27, 

prove M L || BC. 
Then use Euc. I. 29 to show 
^MLB=^LBC=iLLBM, 
and apply Euc. I. 6. 

10. If ttom. ABy AC, the eqtial sides of an isosceles triangle, 
equal lengrbhs, AD, AE, be cut off, show that DE |] BO. 

Use Euc. I. 32 and I. 28. 

11. The bisectors of the exterior angles at the base of an 
isosceles triangle contain an angrle equal to one of the interior 
angrles at the base. 

12. ABC is an isosceles rigrht-angrled triangrle. From AC, the 
hypotenuse, AD is cut off= AB, and DE is drawn J. AC, meeting 
BC in B ; show that BE = ED = CD. 

Join BD, and use Euc. I. 5, 32, and 6. 

13. In the A ABC, AK, the bisector of z A, meets BO in K ; 
show that z AKC= one-half the sum of z B and the exterior 
angle at 0. 

14. ABC is a triangle having AB= A0>BC ; from BA, BO, equal 
parts, BD, BE, are cut off, and DE produced meets AC in F, 
show that three times the z. ADE=four right angles + z AFE. 

15. If the bisectors of the angles of the A ABC meet in I, show 
that the angles BIO, CIA, AIB are obtuse. 

16. If the bisectors of the angles of the A ABO meet in I, and 
AI be produced to K, and IX be drawn frx>m I perpendicular 
to BC, then z BIK= z CIX. 

17. O is a point within A ABC at which the three sides sub- 
tend equal angles. From A perpendiculars are drawn to OB 
and OC, and the line is drawn joining the feet of these perpen- 
diculars. Similaj* lines are drawn corresponding to B and O. 
Show that these three lines form an equilateral triangle. 

Show that OA bisects the angle between OB produced 
and OC produced, and hence prove the three lines respec- 
tively perpendicular to OA, OB, 00, 



^ 
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§ 14. {Boohwork, EucuD, I. 1-32, Corollaries.) 

Definition. — A convex polygon is one in which sach of the 

interior angles is less than two right angles. 

Thus ABIC in § 13, Ex. 7, is not a conyox polygon. 

1. If the alternate sides of a convex polygon of n sides be 
produced to meet^ the sum of the ancrles thus formed «h<*-ii be 
P (2n -8) rlffht aofirlee. 



Let ABCD . . be a con- 
vex polygon of n sides, 
and let P, Q, R, . . . be 
the angles formed by pro- 
ducing the alternate sides 
to meet; it is required to 
prove that 



Z.P+Z.Q+Z.R+ . .=(2/?-8)rt.z.s. 
All the angles of the n As PAB, QBC, RCD, . . .=2/7 rt. z. s. 
But L PAB+ L QBC+ L RCD+ . . =4 rt. z. s. 

[Euc. I. 32, Cor. ii. 
Similarly, l PBA+ l QCB+ l RDC+ . . =4 rt. z-s. ; 
.•. by subtraction, lP + l Q+ z. R+ . . =(2 /?— 8) rt. z. s. 

2. The alternate sides of a pentaeron are produced to meet ; 
show that the sum of the anerles thus formed is two right anerles. 

P 





Here 2/7-8=10-8=2. 



Similar results may be obtained for other polygons. 
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8. Show tliat the exterior anfirle of an equiangrular hezaGTon 
equals the interior angrle of an equilateral trianerle. 




Use Euc. L 32, Cor. il ; and Euc. I. 32. 



4. The opposite sides of an equicuigtilar hezasron are parallel. 

Join AD. 
The z.sof ABCD=^sof AFED=4rt. Z.S. 

[Euc. I. 32, Cor. i. 
.-. iLFAD+iLADE=z-DAB+z.ADC. 
But L FAD+ L DAB= l ADE+ l ADC. B 
Hence prove z. FAD= iL ADC, 
and apply Euc. I. 27. 




5. Points are taken on the produced sides of a tricuifirle and 
Joined as in the figure ; show that the exterior angrles of the 
crossed polygon thus formed equal eigrht right an^rles. 

The exterior angle at P is that con- 
tained by QP produced and PT. 
3how interior angles of polygon 
= the angles of 
AsAPQ, BRS, CTU 
— angles of A ABC 
=four right angles, 
and apply Euc. I. 13. 
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6. A quadrilateral whose opposite anfflea are equal is a 
parallelogram. 

A p 




B C 

Use Euc. I. 32, Cor. i, and I. 28. 

7. The angrle contained by the bisectors of two a^aceot 
angles of a quadrilateral equals half the sum of the remaining: 
angles. 

D 

A 




Use Euc. I. 32, Cor. i. to show 

i L A+ J L B+i L C+i L D=two right angles. 
And Euc. I. 32 to show 

\ L A+i z. B+ z. 0=two right angles, etc. 

3. An angle contained by the bisectors of two opposite 
angles of a quadrilateral equals half the difference of the 
remaining angles. 

A 




As in Ex. 7, 

\ L A+ J L B+ J L C+i L D=two right angles ; 

but L A+i ^ B+ z. BOD+ J ^ D=four right angles ; 

.-. by subtraction l B0D+|^ A— J l C=two right angles 

Hence show z. BbE= J ( z. A— l C). 
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9. The bisectors of the anfirles of a quadrilateral form a 
quadrilateral whose opposite anfirles are supplementary. 

A 

Use the method of Ex. 7, ""^ 

Euc. I. 32, Cor. i., and 

Euc. I. 16. 




10. The bisectors of the exterior angles of a qucuirilateral 
form a quadrilateral whose opposite angles are supplementary. 



p 

The proof resembles that of Ex. 9. 




Q 

11. If the angles of a quadrilateral taken in order be pro- 
portional to the nimibers 1, 2; 8, 4, show that two opi)osite 
sides must be parallel. 

Use Euc. I. 32, Cor. i., and Euc. I. 28. 

12. Show that three resrular hezagons can be placed so as to 
have a common angrdar point cuid completely fill up the 
space round that point. 

Use Euc. I. 32, Cor. i. 

IS. Show that a square, a regular hexagon, tuid a regrular 
dodecagon can be placed so as to have a conmion angular 
point and completely fill up the spaxie round that point. 

14. If a rectUinear figure have fifteen equal angles, eaxih. of 
them shall measure 156% 

15. A seven-rayed star is formed by Joining the alternate 
angles of a heptagon; show that the sum of the angles of 
the star is six right angles. 
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§ 15. {Bookwarkf Euclid, I. 1-33.) 

1. The diaffonalB of a paraUelosram bisect each other ; and 
conversely, if the dla«ronalB of a quadrilateral bisect eacb 
other, the quadrilateral shall be a parallelogram. 

(A standard Theorem.} 

(1) Let ABCD be a parallelogram, and let AC, BD 
intersect in O ; it is required to prove that 

AO=CO, BO=DO. 




In AsAOB, COD 




AB=CD, [Euc. I. 34. 

BAO= L DCO, [Euc. I. 29. 

ABO= ^ CDO ; [Euc. I. 29. 

.-. A AG B = A CO D, [Euc. I. 26. 

.% AO=CO, BO=DO. 

(2) Let the diagonals AC, BD of the quadrilateral ABCD 
meet in O, and let AO=CO, BO=DO; it is required to 
prove that 

BA||CD, AD II BC. 

AO=CO, 
OB=OD, 
I z.AOB=z-COD; 
.-. AAOB=ACOD, 
.-. z.OAB=2lOOD; 

.-. BA II CD, 
Similarly, AD || BC. 



In AsAOB, COD 



Hypothesis. 

"Hypothesis. 

[Euc. L 15. 

[Euc. L 4. 

[Euc. L 27. 
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2. If two straigrlit lines be equal tuid parallel, the strai«rlit 
lines which Join their extremities towards opi)osito parts 
shall bisect each other. 



Use Euc. I. 29 and I. 26 




3. If two equal straigrht lines bisect each other, the fl^rure 
formed by Joiningr their extremities shall be a rectangrle. 



Use Euc. I. 6 to show 

L BAD= z. ABD+ L ADB, 

and apply Euc. I. 32, 




4. If two equal strai^rlit lines bisect ea,ch other at ri^rht angrles, 
the flgrure formed by Joinmsr their extremities shaU be a squara 



Use Euc. I. 4, I. 5, and L 32. 

Cor.— A rectcuifirle, whose diagronals con- 
tain a rigrht ancrle, is a square. 




5. ABCD is a parallelofirram, and P and Q are taken on BD, so 
that BP=DQ ; show that APCQ is a paraUelogram. 

Use Ex. 1 to show that AC, PQ 
bisect each other in O, etc. 

Examine the case in which P and 
Q are on BD produced. 
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6. ABCD is a parallelofirram ; P, B are points on AC, sucli that 
AP»CB ; Q, 8 are points on BD, Buch that BQ^DS; show that 
PQBS is a parallelogram. 



Show that PR and QS bisect 
each other, etc. 



7. P, Q, B, 8 are points on the sides AB, BC, CD, DA of a 
parallelogram, such that AP=CB, BQ^DS ; show that PQBS is 
a parallelogram. 

Use Euc. I. 33 to show APCR a 





.'. AC and PR bisect each other in O. 

Similarly, 

B D and QS bisect each other in O ; 

.'.PR and QS bisect each other, etc. 

8. The bisectors of the angles of a parallelogram form a 
rectangle whose diagonals are parallel to the sides of the 
parallelogram. 

Show as in § U, Ex. 7 that 

z. s P, Q, R, S right l s. 

ShowAAPB = AEPB, 

and AAPB=ACRD; 

hence show PE= and || RC, 

and by Euc. I. 33, PR || EC. 

Similarly, show 

SC= and II QF, etc. 

Examine the case in which the exterior angles are bisected. 

9. The bisectors of the angles of a rectangle form a square. 

Show, as in Ex. 8, that PQRS is a 
rectangle, and that its diagonals are 
parallel to the sides of ABCD, and use 
Ex. 4, Cor. 

Examine the case of exterior angles. 
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10. On the sides AB, BO, OD of&cuABCD equilateral tiiangrles 
are described, that on BO inwards, and those on AB, CD out- 
wards ; show that the distances of the vertices of the latter 
triangles from that of the former triangle are eq\ial to the 
diagonals of the parallelogram. 



Show z.PBQ=z.ABC. 
Use Euc. I. 4 to show that 

APBQ = AABC, 
and ABCD = AQCR. 




11. ABCD is a quEuirilateral, in which AB is not parallel to 
DO, and E, F are the mid-points of AD, BO ; show that 

AB + OD>2BP. 

A 

Complete /=Z7s BAEP, EDCQ, 

and show BP= and || CQ. 

Apply Ex. 1 to prove PF=FQ, 
and use § 5, Ex. 1. 




12. If two opposite sides of a quadrilateral be equal, they shall 
be equaUy inclined to the straight line Joining the mid-points of 
the other two sides. 

Use construction of previous Ex. and § 3, Ex. 1. 

18. If a parallelogram be inscribed in another parallelogram, 
the point of intersection of its diagonals shall coincide with 
that of the first parallelogram. 

Use Euc. I. 26 and the method of Ex. 7. 

14. If the opposite sides of a hexagon be equal and pai'allel, 
the three diagonals which Join the opposite angles shaU be con- 
current. 

Use Ex. 1. 

15. In the as ABO, DBF, AB ll and = DE, BO || and = BF ; show 
that CA II and = FD. 

D 
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§ 16. (Bookwork, Euclid, I. 1-34.) 



1. The stralfirlit line which Joins the mid-points of two sides of 
a triansrle is parallel to the base and equal to half of it ; and* 
conversely, the straigrht line drawn through the mid-point of a 
side of a triangle parallel to the base bisects the other side. 

iA standard Theorem,) 
A 




Let F, E be the mid-points of AB, AC; it is required to 
prove that 

FE II BC and=JBC. 

Through C draw CH || BA meeting FE produced in H. 



AE=CE, 
InAsAEF, CEH^ z.AEF=^CEH, 

^AFE=^CHE; 

.-. AAEF = ACEH; 

.-. FE=EH=iFH, 
and CH=AF. 

ButAF=BF; 

.-. CH = BF. 

And since CH || and=BF, 
.-. FH ||and=BC; 
.-. FE II BC and=iBC. 



[Hypothesis. 
Euc. I. 15. 
Euc. I. 29. 

[Euc. I. 26. 



[Hypothesis; 



[Euc. I. 33. 
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Conversely f let F be the mid-point of AB and FE || BC, it 
is required to prove that 

AE=CE 

Through C draw CH || BA to meet FE produced in H. 
Then FC is, by construction, a parallelogram ; 
.-. CH = BF=AF. 

AF=CH, 
^ AEF=^CEH, 
z- AFE=^CHE; 
.-. A AEF = ACEH, 
.-. AE=CE. 
These theorems may also be proved by means of Euc. I. 38 
and I. 39. 



In As 
AFE, CHE 



[Proved above. 
Euc. I. 15. 
"Euc. I. 29. 
'Euc. I. 26. 



2. Tl^e straierlit lines which join the mid-points of the sides of 
a triansrle divide it into four congruent triangles. 

(-4 Standard Theorem.) 




B D C 

Use Ex. 1 and Euc. I. 8. 

3. If the mid-points of the adjacent sides of cuiy quadrilateral 
be Joined, the figure thus formed shall be a paraUelogram. 

iA Standard Theorem.) 




B F C 

Use Ex. 1 to show that 
EF and HG are each || AC and=^AC, and apply Euc. I. 33. 
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4. The stralfflit lines joininer the mid-pointa of the oppoaite 
sides of any quadrilateral bisect ecMh other. 




Use Ex. 3 to show that EFGH is a parallelogram, etc. 

6. The straijsrht line which joins the mid-points of the dia- 
gonctls of a quadrilateral and the straifirht lines which Join 
the mid-points of its opposite sides are concurrent. 




\jse Ex. 3 to show that EJGI is a parallelogram, and 

hence that 

EG and I J bisect each other. 

Similarly show that HF and I J bisect each other, and 

deduce that 

EG, I J, FH are concurrent. 

Observe that Ex. 3 is here seen to apply to the crossed 
quadrilateral ABDC. , 
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6. P and Q are the mid-points of the sides AB and CD Qf 
the £=7 ABCD ; show that PD and BQ trisect AC. 

A P 



UseEuc. I. 33 to show that PD || BQ. 
Use Ex. 1 to show that PM bisects AN, 
and that QN bisects MC. 



7. ABC is a triansrle ; AC is bisected in M and BM is bisected 
in N ; AN meets BC in P, and MQ is drawn II AP to meet 
BC in Q; show that BP=PQ=QC. 






Use Ex. 1 to show that 

MQ bisects PC, 
and N P bisects BQ. 



a A, C are points on the same side of PQ, and B is the mid- 
point of AC ; througrh A, B, C parctllel straigrht lines are drawn, 
meetingr PQ in D, E, F; show that AD+CF=2BE. 

{A Standard Theorem.) 

DrawAGHIIPQ. C 

Use Ex. 1 and Euc. I. 34 to show /^ 

CF-HF=2(BE-GE), J 

orCF-AD=2(BE-AD); etc. p^ 

9. A, C are points on opposite sides of PQ, and B is the mid- 
point of AC ; through A, B, C parallel straight lines are drawn, 
meetinfir PQ in D, E, F; show that AD'«'CF==2BE. 

{A Standard Theorem.) 

Draw AGH || PQ. ^^ 

Use Ex. 1 and Euc. I. 34 to show p ^^ / 

CF+FH=2(BE + EG); etc. ^\y^ f j ^ 

A Q H 

Observe that this may be considered as a particular case of 
the previous Ex. 
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10. ABCD is a parallelofirram ; BP, CQ, DR are parallel 
straifiTlit lines meetingr a straigrht line throuerh A in P, Q, B ; 
show tliat CQ=BP;bDB aocordiner as the line does not 
or does cut the paxallelogram. 

C 




Use Exx. 8 and 9 to show BP± DR = 20S, etc. 

11. If a straigrht line be divided into any number of equal 
parts, and a series of parallel lines be drawn through the 
points of division, the intercepts made by these lines on any 
intersectincr straight line shall be equal 




Draw AKL || FJ. Use Ex. 1. to show AK = KL ; 
and hence, by Euc. I. 34, FG=GH, etc. 

12. ABC is a txlangrle, and BP, CQ are drawn perpendicular 
to PQ, a line througrh A, and D is the mid-point of BC ; show 
that PD=QD. 

P 




B D 

Draw DM J. PQ, and use the method of Ex. 11 and Euc. I. 4. 
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13. If from any point in the b£ise (or base produced) of an 
isosceles triangrle, straigrht lines be drawn to the sides makingr 
equal an&rles of given magnitude with the base, the sum (or 
difference) of these lines shall be constant. 

A 




Let PQ, PR, CD make equal angles QPB, RPC, DCB, 

with BC. 

Draw PL || AB. 

Use Euc. I. 29, I. 5, and I. 26 to show that 

CL=PR; 
and deduce that PQ± PR=CD. 



14. The sum of the perpendiculars drawn from any point 
within an equilateral triangle to its sides is constant. 




Let PQ, PR, PS be the perpendiculars. 
DrawLPM || BC ; AD and MN || PS; MO || PQ. 

Show as in Ex. 13 that 
PQ+PR = MO, 
PQ+PR + PS=MO+MN = AD. 
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Definition. — The point in which the diagonals of a parallelo- 
gram intersect is called the Centre of the parallelogram, 

16. Any stralfirlit line drawn throuerli the centre of a parallelo- 
erram and produced to meet the Bides is bisected by the centre. 

A P D 

Use § 15, Ex. 1, and the method 
of §11, Ex. 1. 



16. Any stralgrht line drawn through the centre of a parallelo- 
gram bisects the parallelogram. 

In above fig. show APOD=AQOB, and use Euc. I. 34. 

17. The area of any qimdrilateral is equal to that of a triangle 
having two sides and the contained angle equal to the diagonals 
of the quadrilateral and their contained angle. 

S 

^^^ Draw PBQ, SDR || AC, 





and SAP, RCQII DB. 
Use Euc. I. 34 to show that 



R ABCD=^Ei:7PQRS=AQRS. 



Cor.— Two quadrilaterals are equal 
when their diagronaJs axe equal and 
contain equal angles. 



18. ABCD is a rectangle, and P is any point on one of its sides ; 
show that a parallelogram PQBS may be inscribed in the rect- 
angle whose sides are parallel to the diagoneUs of the rectangle, 
and whose perimeter is equal to the sum of the diagonals. 

^ ^ ° Draw PQ || DB, PLS and QM R || AC. 

S Use Euc. 1-34 to show 

PL=QM, PQ=LM 
and Euc. I. 29, 6, and 32 to show 
PL=LD = LS, etc. 
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19. ABC is a tricmgrle ; andfirom D, the mid-point of BO, DE and 
DF are drawn |i BA and CA to meet AC and AB in E and F ; 
show that FE ii BC. Use Ex. 1 . 

20. ABCD is a quadrilateral havingr AB II DC and BC= AB+CD ; 
show that the bisectors of angles B, C intersect in the mid- 
point of AD. 

Cut off from BC, BF=AB, show^AFD aright 
angle, and use § 1, Ex. 2, and § 16, Ex. 1. 

21. If through the vertices of a trianffle straight lines be drawn 
parallel to the opposite sides, these stralgrht lines shaJl form a 
triangrle equiangrular with the given triangrls, but of four times 
its area. Use Euc. I. 34. 

22. If one diagonal of a parallelogram be equal to one of its 
sides, the other diagonal shaU be greater than any of its sidea 

Use Euc. I. 5 and I. 19. 

23. AB is a given straight line, and from A a straight line AC 
(greater than ^AB) is drawn in any direction and produced its 
own length to D. DB is joined, and with A as centre and AD as 
radius a circle is described cutting DB produced in E. From AE 
AF is cut off equal to AC, and CF is joined. Show that CF 
bisects AB. 

24. If the mid-points of two opposite sides of a paraUelogram 
are also the mid-points of two opposite sides of another pareJ- 
lelogram, then the remaining sides of the two parallelograms 
are equal and parallel. 

Use Euc. I. 33 and I. 34. 

25. The sum of the perpendiculars on the sides of a paraUelo- 
gram from an internal point is constant. 

Examine also the case of an external point. 

26. E, F are the mid-points of the sides CA, AB of the triansrle 
ABC, and AP is the altitude from A ; show that z EPF= z A. 

Use § 12, Ex. 1 and Euc. I. 5. 

27. The area of a rhombus is eq\ial to half the rectangle con- 
tained by its diagonals. 

Use the method of Ex. 17. 

28. ABCD is a parallelogram and AP, BQ, CB, DS are paraUel 
straight lines, meeting a straight line PS which does not cut the 
paraUelogram ; show that AP+CR=BQ+DS. 

Find the intersection of the diagonals and use Ex. 8. 
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29. ABCD is a parallelogrram and AP, BQ, CR, DS are parallel 
strai&rlit lines meetingr a straifirlit line PS which cuts the paral- 
lelogrram ; show that AP ± CB = ± BQ ± DS, the - sigrns being: 
taJ^en when the points B, C, D are on the opposite side of the 
line from A. 

Use Exx. 8 and 9 ; compare Ex. 10. 

30. The sum of the perpendiculars from the extremities of a 
diameter of a circle on a fixed straigrht line which does not cut 
the circle is constant. 

Use Ex. 8. Examine the case when the fixed line cuts 

the circle. 

31. The sum of the distances of the vertices of a quadrilateral 
from a straigrht line which does not cut the quadrilateral is four 
times the distance frx>m the same line of the point of intersection 
of the lines Joining- the mid-points of opposite sides of the 
quadrilateral. 

Use Exx. 3 and 8 and § 15, Ex. 1. 

32. ABC is a triangle in which BC >AB ; and from BC, BD is cut 
off =i (AB+AC), and BA is produced to E so that BE=BD ; show 
that DE bisects AC. 

From BC cut off BF=AB* Use Euc. I. 32 and 
Euc. I. 28 to show AF || DE, and apply Ex. 1. 

33. ABCD is a quadrilateral, and E, F, G, H are the mid-points 
of AB, BC, CD, DA ; the diagonal BD meets EF in P cuid GH in B. 
and the diagonal AC meets FG in Q and HE in S ; show that the 
quadrilateral PQBS is equiangrular with the quadrilateral ABCD, 
and equals a fourth of it. 

Use Ex. 1 and 2. 

34. P is a point outside an equilateral triangle ABC, and 
PL, PM, PN are drawn perpendicular to BC, CA, AB; show 
that if P be within the cuigle BAC or its verticaUy opposite 
angle, PL ~ (PM + PN) is constant. 

Compare Ex. 14, or use the method of areas. See § 18, Ex. 5. 

Examine other positions of P. 

35. O is any point within z=7ABCD. If chb AOBE, BOCP, 
CODG, DOAH be completed, and EF, etc. joined, prove EFGH 
a parallelogram and equal to twice z=r ABCD. 
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§ 17. {Bookwork, Euclid, I. 1-39.) 

1. The medians of a trianerle are concurrent. 

{A standard Theorem.) 

A 




Let the medians BE, CF meet in G, and let AG produced 
meet BC in D ; it is required to prove that 

BD=DC. 

Draw OK || EB, meeting AD produced in K. Join BK. 

Th6n in A ACK, AE=EG and EG || CK; 

and a straight line drawn through the mid-point of a side 

of a triangle parallel to the base bisects the other side ; 

.-. AG=GK. [§ 16, Ex. 1. 

Also in A ABK, AF= FB and AG = GK ; 
and the straight line which joins the mid-points of two sides 
of a triangle is parallel to the base ; 

.\FG||BK; [§16, Ex. 1. 

.'. BGCK is a an and its diagonals bisect each other; 

.-. BD = DC. [§15, Ex. 1. 

Observe that GD=JGK=|^AG, or G is a point of tri- 
section of AD. Also GE = JKC = iBG. Similarly 

GF=jca 

Thus the point in which the medians intersect is a point of iri- 
section of each median. It is sometimes called the Gentroid, and 
is shown in Dynamics to he the Centre of Gravity of tlie 
triangle. 
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2. The Buxn of the medians of a triancrle is greater them 
three-fourths of its perimeter. 



BG=fBE, etc.; BG+GC>BC; 
.•.|(BE+CF)>BG; 
.-. BE+CF >|BC. 
Add similar results, and divide by 2. 




3. If thro\2srli the ansrular points of a triangrle, straigr^t lines 
be drawn parallel to the opposite sides, a triangrle shall be 
formed each of whose sides is double the correspondingr side 
of the first triangle. 



Draw NAM || BC, etc. 

In£=7s ABLC, ABCM, 

we have AB=LC, AB = CM, etc. 

Observe that ihe area of the 
ALMN=4AABC, 
and that z. L= z. A, etc. 




4. The altitudes of a triajigrle are concurrent. 

(A standard Theorem.) 

Draw NAM II BC, etc 

hen in A LM N, show by 
§ 3, Ex. 6 that the lines drawn from 

A, B, C±MN, NL, LM 

(that is to BC, CA, AB) 

are concurrent. 

Definition. — The jmnt H, in zvhich the aliitvdes meety is 
called the Orthocentre of the A ABC. 
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5. The grreater side of a triangle lias the less median drawn 
to it, and conversely. 




B D C 

Let AB>AC. 
Use Euc. I. 25 to show that 

inAsADB, ADC, ^ADB>z.ADC. 
Use Euc. I. 24 to show that 

in As GDB, GDC, GB>GC; 
/. GE>GF; and.-. BE>CF. 

Tlie converse is proved by reversing the order of the steps. 

6. A trlangrle Is divided by its medians into six trianerles 
which are equal in area. 

In the figure of Ex. 5, use Euc. I. 38 to show 

AABD=AACD, AGBD=AGCD; 

.-. AGAB=AGCA; 

.*. their halves are equal, etc. 

7. If two triangrles have two sides of the one respectively 
equal to two sides of the other and the contained angles 
supplementary, the triangles shaU be equal in area. 




Place the triangles so that two equal sides coincide and the 
supplementary angles are adjacent. Use Eac. I. 14 and 38. 
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Join PO. 
ABPC=A POB+A POC + A BOC, 
but ABOC=AAOD=eto. 
Examine the cases in which Pis (I) outside of the A AOD 
t within the l. AOD ; (2) within the A AOB, etc 

Definition. — A quadrilateral which has two sides paraUel is 
led a Tiapezfum, 



Join AF OF, and use Euc. I. 38. 
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11. If a stralgrht line be drawn throuKli the mid-point of one 
of the oblique sides of a trapezium parallel to the parallel 
sides, it shall bisect the opposite side and the diaeronals. 

Join AC, meeting GH in K. 

Use § 16, Ex. 1 to show 

AK = KC, and hence DH = HC. 

Similarly show that B D is 

bisected by GH. 

12. O is the point of intersection of the diagonals of the 
trapeziimi ABCD (AD II BC) ; show that A AOB= A DOC. 




Use Euc. I. 37. 




13. The straight line joiningr the mid-points of the oblique 
sides of a trapeziimi is equal to half the sum of the paraUel 
sides. 



Draw KGL || DC, and show 
KLCD and KGHDto be /=Z7s. 
Prove AAGK = ABGL. 



K A 





B 



14. If through the mid-point of one of the oblique sides of a 
trapessium a straight line be drawn paraUel to the other 
qblique side, the parallelogram thus formed shall be equal in 
area to the trapezium. 

In the figure of Ex. 13, show that 
A KGA=A LGB, and hence £ZZ7 KLCD=ABCD. 
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15. The mid-points of the pcirallel sides of a trapezium and 
the point of intersection of its diagonals are collinear. 

Join EO, OF. 

Use Euc. I. 38 to show 

AAEO=ADEO, etc. 

Prove fig. AEOFB = DEOFC, 

and use the method of Ex. 10 to 

show that EOF coincides with EF. 

16. Two trapeziums are consmient if their four sides taken 
in order are respectively equal. 

A p P ^s 






B E C Q T R 

Let ABCD, PQRS be the trapeziums. 
Draw DE|| AB, ST || PQ. 
Show A DEC = A ST R, etc. 

17. O is the point of intersection, and P, Q are the mid-points 
of the diafiTonals AC, BD of the quadrilateral ABCD ; show 
that if PQ he within a AOB, 

(A AOB+ a;COD) - (A AOD+ A BOO=4 A POQ. 

A 




Join AQ, BP, CQ, DP. 
Use Euc. I. 38 to show A APB = A BPC, etc. 
Also A AOB = A APB + A PBQ+ A POQ, 
A COD= A CPD- A PDQ+A POQ, 
A AOD = A APD+ A PDQ- A POQ, 
A BOG=A BPC- A PBQ-A POQ, etc. 
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18. From the mid-points of the diagronals of a quadrilateral 
lines are drawn parallel to the diagonals. Show that if their 
point of intersection be joined to the mid-points of the sides, 
the quadrilateral will be divided into four equal quadrilaterals. 




We have to show 
LHDG=LGCF 
= LFBE=:LEAH. 
Use Euc. I. 37 to show 
LHDG=KHDG 
=iAABD+JABCD 

[§ 16, Ex. 2. 
=iABCD. 



19. AB, CD are two equal straifirlit lines. If i ABC=: z BCD, 
and AB be not || CD, then AD || BC. 

Use Euc. I. 4 and L 39. 

20. Throu^rh the vertices of a a ABC parallels are drawn 
meeting: the opposite sides, produced if necessary, in P, Q, B ; 
show that A AQR = A BEP = aCPQ= a ABC. 

Use Euc. I. 37. 

21. ABC is a trlangrle, and from AC, AP is cut o£f=i AC ; show 

that A ABP=j aabc. Use Euc. I. 38. 

22. ABCD is a paraUelogram. Prom CB, CE is cut off.=iCB 
and from CD, CP is cut off=iOD ; show that AECP=ic=7 ABCD. 

23. If E and F be the mid-points of the sides CA, AB of the 
A ABC, and if BE, CF intersect in G, the A OBC=qua.drilateral 
^^GE. Use Euc. I. 38. 

24. If in the previous Ex. EF be joined, prove that aAEF 
=3AEPa. 

Use Euc. I. 38, and Ex. 1 (GE=^BG). 

25. In the A ABC, if D be the mid-point of BC and P be any 
point in AD, A APB^ A APC. 

E 
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26. In the A ABC, D ajid E are the mid-i)oints of BC, CA, and 
K is a point in AE. If DK be joined, and AL be drawn || KD, 
meetingr BC in L, show that KL bisects the triangrle. 

Use Euc. I. 37 and I. 38. 

27. In the QTiadrilateral ABCD, E Is the mid-point of BD, and 
EG II AC meets BC or CD in G. Show that AG bisects the flgrure. 

Use Euc. I. 37 and I. 38. 

2a In the quadrilateral ABCD, AC bisects BD. If O is the 
mid-point of AC, show that A ABO = a BCD = A CDO=aDAO. 

29. The base BC of a A ABC is bisected in D, and AD is Joined 
and bisected in E, BE is joined and bisected in F, and CF Is 
joined and bisected in O ; show that A EFG=i A ABC. 

SO. P, Q, R are points in the sides BC, C A, AB of the A ABC, 
such that BP=iBC, CQ=}CA, AR=iAB; show that aPQR= 

Find the areas of As AQR, etc. 

31. ABCD is a sqTiare, and AC its diaeronal ; AD is bisected 
in E, and BE meets AC in F; show that 12 a AEF=6aCEF= 
4aABE=3aBCF. 

32. Two points P and Q are taken on AB, one of the paxaUel 
sides of the trapezium ABCD, such that AP=BQ, and CP, DQ 
Intersect in O within the figrure ; show that ADOP=BCOQ in 
area. 

33. The straight line which joins the mid-points of the 
oblique sides of a trapezium is parallel to the paxaUel side& 

See Ex. 13. 

34. The A ABC when folded over BC comes into the position 
ABC ; when folded over CA, into the position AB'C ; and when 
folded over AB, into the position ABC ; show that AA', BB', CC 
are concurrent. Use Ex. 4. 

35. ABC is a triangrle ; BC, CA, AB are produced ecush twice its 
own lengrth to D, E. P ; show that a DEF=19 a ABC. 

36. In the trapezium ABCD, E, G are the mid-points of the 
parallel sides AB, DC, and F, H are the mid-points of the oblique 
sides BC, AD. If HC, FD meet in O, show that 

(1) AEOH=BEOF (in ai^a). 

(2) EG passes througrh O. 
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§ 18. (BooJcworJc, Euclid, I. 1-41.) 

1. If the area of a quadrilateral be bisected by one 'of its 
diasronalB, this diagronal shall bisect the other diasronal ; and 
conversely, if one diagronal bisect the other diagronal, it shall 
bisect the quadrilateral. {A Staridard Theorem.) 




B C 

Let ABCD be a quadrilateral such that A ABC= A ADC, 
and let AC, BD meet in E; it is required to prove that 

BE=ED. 

Through A, C draw AF, CF|| BC, BA respectively. 

Join BF, DF, and let BF meet AC in G. 

Then AAFC = AABCj [Euc. I. 34. 

but A ABC= A ADC ; [Hypothesis. 

.-. AAFC=AADC; 

.-. DF II AC. [Euc. I. 39. 

ABC F is a nu, and its diagonals bisect each other; 

.-. BG=GF; [§ 15, Ex. 1. 

and the straight line drawn through the mid-point of a side 
of a triangle parallel to the base bisects the other side ; 

.-. BE=ED. [§16, Ex. 1. 

Conversely y let BE= ED ; it is required to prove that 

AABC=AADC. 

Complete the ZZZ7 ABCF, and join BF, meeting AC in G. 

Then, as before, BG=GF, [§ 15, Ex. 1. 

and BE=ED; [Hypothesis. 

and the straight line which joins the mid-points of the sides 

of a triangle is parallel to the base ; 

.-. ACIIDF; [§16, Ex. 1. 

.% A ADC=A AFC = A ABC. [Euc. I. 37 and 34. 
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2. A medUtfi of a triangle Wsects every straight line drawn 
parallel to the base and terminated by the sides, or sides 
produced. (^ Standard ThMrem.) 

Join GD, DH. 

Use Euc. I. 38 to show that 

AABD=AADC, 

AGBD=AHDC; 

.-. AAGD=AAHD, 

and apply Ex. 1. 

8. If two triangles stand on equaJ bases in the same straight 
line, £tnd are between the same paraJlels, and if a straight 
line* be drawn parallel to the bases, the intercepts made by 
the sides of the triangles (or the sides produced) shaU be 
gQ^j^j (A Standard Theorem.) 

Let ABC, DEF be given 

triangles. 

Produce GH to K 

so that HK=IJ. 

Use Euc. I. 38 to show 

AAKG=ADJE 

=AAGC, 

and apply Ex 1. 

4. If a given straight line be divided into any number of equal 
parts, and straight lines be drawn from any given point to the 
points of section, the intercepts made by these lines on any line 
parallel to the given line shaU be equaJ. 



Use the previous exercise to show 
that any two of the parts into 
which FJ is divided must be equal 



NoTB. — These theorems (Exx. 1-4) may also be proved indirectly by 
"^ana of Euc. L 38, but the direct proof appears preferable. 
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5. The area of a triaiifirle is one-half that of a recteuierle whose 
base and altitude are equal to those of the triangrle. 

(A standard Theorem.) 
E ^A D 




B P C 

Draw ED || BC, and BE, CD || PA. Use Euc. I. 41. 

Cor. 1.— Trianfirles on eqiial bases and of equal altitudes aj*e equal. 

Cor. IL— EquEbl triangles on equEbl bases have equEbl altltude& 

Cor. ill.— Equal trianfirlos with equal altitudes have equal bases. 

(Standard Theorems.) 

6. O is the centre of the z=7 ABCD, and P is any point in AD ; 
show that PBOC =lc-/ ABCD. 




Join PO. 

Use Euc. I. 38 to show A POB= A POD, 

APOC=APOA, etc. 

7. If the mid-points of two sides of a triangrle be Joined, and 
any two parallel lines be drawn from them to the base, the 
paralleloffram thus formed shall be eqiubl to half the triangrla 




B L M C 

Join FC. Use Euc. I. 41 and I. 38. 
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8. The paraUelogram formed by joining' the mid-imints of the 
eud^eucent sides of any quadrilateral eqvials one-half the gioadri- 
lateral 




Show as in previous Ex. that 
EFLM=|AABC, etc. 



9- P is any point within a c=7 ABCD ; show that 

A PBO + A PAD = iz=7 ABCD. 



A 


D 


c/"--^ ^^/- 


2/-^/" 


B 


C 



Draw QPR || AD, and use Euc. I. 41. 



10. Pis any point outside the z=7ABCD between AD and BO 
produced ; show that a PBC+ a PAD= J £=? ABCD. 




B 

Draw PRQ || DA, and use Euc. I. 41. 
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11. P is a point outside the /=7 ABCD on the side of AD remote 
from BC ; show that a PBC - A PAD=i£Z7 ABOD. 




Use Euc. I. 41. 

Observe that Exx. 9, 10, and 11 are particular cases of one 
general theorem, and that the sign prefixed to the A PAD 
changes when P crosses AD. 

12. ABCD is a parallelogram and P is any point ; it is required 
to prove that a PBD= a PBC ± a PAB, Siccordingr to the position 
of P. 

P Q R Q P R 




B C B C 

Produce BA, CD, and draw PQR || AD. 
Use Euc. I. 41. 
A PBD=APAD+AABDitAPAB 

=|zzi7QD+Jc=7AC=fcAPAB 
= Jzzi7QC=fcAPAB 
=APBCitAPAB. 

Note. — On this proposition depends an important theorem in 
Dynamics. 

13. ABC, DBC are two triangles on the same base BC and 
between the same paraUels AD, BC ; a straight line parallel to 
BC cuts AB in P, AC in Q, DB in B, DC in S ; show that PQ=BS. 

Use Ex. 1 as in Ex. 3. 
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14. Two triangrles of equal area stand on opposite sides of 
equal bases in the same straigrht line ; show that the straight 
line which joins their vertices is bisected by their base (pro- 
duced if necessary). 

Use Ex. 1. 

15. If in the quadrilateral ABGD, l ADC= z BCD, and i DAC= 
z CBD, show that AB || DC. 

Use Euc. I. 26 and I. 39. 

16. The perimeter of an isosceles triangrle is grreater than the 
perimeter of an equal rectangrle whose altitude is equal to that 
of the triangrle. 

Use Euc. I. 41 and I. 19. 

17. If ABC be a triang>le rigrht-angrled at A« and AP be the 
altitude fix)m A« show that the rectangrle AP'BC=rectaJi£rle 
AB-AC. 

Use Ex. 5. 

18. The sum of the perpendiculars firom an internal point on 
the sides of a convex equilateral polygron is constajit. 

Join the point to the vertices of the polygon, and use Ex. 5 

19. The algrebraical sum of the perpendiculars from any point 
on the sides of an equilateral polygron is constant, if the per- 
pendiculars be considered negrative which fall on the sides, or 
sides produced, from the outside. 

20. AK is the bisector of the z A of a a ABC, and meets BC in 
K. If BD, CE be drawn perpendicular to AE, the bisector of the 
exterior angrles at A, prove that CD and BE pa,ss througrh the 
mid-point of AK. 

Produce CE and BA to meet, and use Ex. 2. 

21. If AB be one of the obHque sides of a trapezium ABCD, 
and E be the mid-point of CD, a ABE= J ABCD. 

Use the method of § 17, Ex. 14. 

22. If of the four triangrles into which the diagronaJs divide 
a quadrilateral two opposite ones be equal, the figrure shaU 
be a trapezium. 
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§ 19. {Boohwork, Euclid, L 1-43.) 

1. A pair of the dia«ronals of the parallelograms which are 
a1x>at the diagonal of a paralleloerrain are parallel. 

A P D 




Q C 

Let ABCD be a cm, and let PQ, RS be drawn through 
O, a point in AC, parallel to AB, AD; it is required to 
prove that PR || SQ. 

Join PS, RQ. 

/=7BO=r=7DO; 

.-. AROQ=APOS. 

Add to each AQOS; 

.-. A RQS=APQS; 

.-. RPIIQS. 



[Euc. I. 43. 
[Euc. I. 34. 



[Euc. I. 39. 



2. ABCD is a paraUelogram, and APOQ is a perallelograzn 
about its. diagrohal ; if PR, QS be drawn paraUel to AC to meet 
BO, CD in R, S, show that ^iz7PC=ci7QC. 

A Q D 

Use Euc. I. 35 to show 
£ZZ7 PC=zzi7 OB, etc., 




and apply Euc. I. 43. 



8. ABCD is a z=^, and the straight line BMN meets CD in M 
and AD in N ; show that a CMN = A ADM. 

Complete the z=Z7 C D N R, ^ ^^?^ 7^ 

draw PMQ || AN, ^^ ^^^^^^ /O 

and use Euc. I. 43 and I. 41. 




74 



Geometrical Deductions 



[§I9- 



4. EKF and 6KH are drawn parallel to the sides AB and AD 
of £=y ABOD, so that c:7BH=c:7 QF ; show that AKC is a straight 
line. 

Show that the various parts of the 
figure AKCD=the correspond- 
ing parts of AKCB, and apply 

^_ Euc. I. 34. 

B F c 

5. ABCD is a paraUelogram, O is any point within a ABC, 
and POQ, BOS are paraUel to AB, BC respectively ; show that 

i=j PS-dz BQ=2 A AOC. 





2 A A0C = 2(A ABC-AAOB-A BOC) 

ABCD-CZ7ABQP-CZ7 RBCS,etc. 




6. ABCD is a paralleloGTram, and O is any point on QD; 
KOL, MON are paraUel to AB, BC ; P is any point in MN, and 
PC meets KL in Q ; show that PD II BQ, 

A. K 

Join PB, DQ, draw RQS || AD, 

prove ADBQ=APBQ, 
and apply Euc. I. 39. 
L C 

APBQ=APBC-AQBC=Jcz7MS. 
ADBQ=ABCD-ABCQ-ACDQ, etc. 

7. The diaeronals of the parallelograms which are about the 
diagonal of any paraUelogram aj*e paxaUel to those of the 
parallelogram Use Euc. I. 43, 41, and 39. 

8. P is a point on the diagonal AC of a ^=7 ABCD, or on AC 
produced ; show that if PB, PD be joined, the parallelogram is 
divided into two pairs of equEbl triangles. 
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§ 20. {Boohwork, Euclid, I. 1-48.) 



1. ABC Is a triangrle, £uid P is any point; PD, PE, PF are 
perpendicular to BC, CA, AB ; it is required to show that 

AP2+BD2+CB2=AE«+BF2+CD2. 





C D 



[Euc. I. 47. 



Join PA, PB, PC. 

PA*=PF*+AF*. 

Similarly PB* = PD*+BDS 

PC"=PE*+CE*; 

.. PA'+PB»+PC*=(PD* + PE*+PF')+(AF*+BD*+CE*); 

Again PA" = PE* + AE*. [Euc. I. 47. 

Similarly PB*=PF" + BF*, 
PC*=PD*+CD^ 
. PA* + PB" + PC*=(PD"+PE*+PF*)+(AE^+BF«+CD*); 
. AF*+BD"+CE"=AE"+BF"+CD*. 



2. ABCD is a square ; show that AC2=2 AB^. 



Use Euc. I. 47. 
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3. AB is bisected in C ; show that ABa=4AC2. 
D 




(A Standard Theorem.) 

Draw CD±AB, and = AC 

Join AD, BD. 

Use Euc. L 47, to show that 

AB2=2AD2=4AC2. 



4. ABC is an eqiiilateral trianerle and AD is perpendicular to 
BC ; show that ADs=8BD>. 




Prove that BC is bisected in D, 
and use Euc. I. 47. 



5. If AN be the altitude from A in the A ABC ; show that 

AB2 - AC«=BN» -ON«. 

(A Standard Theorem.) 




Use Euc. I. 47. 



6. AOB is a rigrht angrle, C is any point in AO, or AO 
produced, D is any point in BO or BO produced ; show that 

AB2+CD2=AD«+BO«. 




Use Euc. L 47. 
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7. In the A ABC, AB=BC, and CN is the altitude from C ; show 
that BOB+CA8+AB2=: AN2+2BN2+30N2. 



Use Euc. I. 47 




8. Prove Euc. I. 47 by means of a fi^rut^ in which the square 
on the hypotenuse is described on the same side of the 
hypotenuse as the triangrla 




Let ABC be the A, and BCDE the square on the hypotenuse. 
Describe As BFE, EGD, CKD, congruent with BAG. 

Produce CK to H. 
Show that FA is the square on B A, and H D is the square 
on K D or AC, and show figure 

FGDKAB = BCDE, 
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9. If ABC be any triangrle, and squares BCED, ABFG, ACKH 
be described on its sides, prove the followingr properties :— 

(1) FC ± AD and BK ± AE. 

(2) If FC, AD meet in Q, BQ bisects z FQD. 

(3) aABC=aAQH=aBDF=aCEK. 

(4) AL, BK, CF are concvirrent. 



V 



B 



q/ 









K 




(1) Show AFBC = AABD (Euc. I. 4) and AFMB 

equiangular to A AM Q. 

(2) Cut off FU=AQ, and show A UBC=A QBD, and 

^BUQ=iLBQU=^BQD. 

(3) Use the method of § 17, Ex. 7. 

(4) Produce LA to P so that AP=DB, and apply § 17, 

Ex. 4 to A PBC. 
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10. ABC is a trianfirle rigrbt-anGrled at A ; on BC, CA, AB eqiii- 
lateral triansrles DBG, EGA, FAB are described; show that 

A DBG = A EG A+ A FAB. 




Draw FG J. AB. Join AD, CF, CG. 
Use Euc. I. 4 to show AABD= AFBC. 
But AFBC= ABGC+AFBG+AFGO. 

=iAABC+AFAB. [Euc. I. 37 

Similarly, etc. 



11. If ABG be a trianfirle rigrht-anfirled at A, and squares BGED, 
ABFG, A'GKH be described on its sides, prove that (in addition 
to the properties proved in Ex. Q)— 

(1) BG II GH. 

(2) Points F, A, K are coUinear. 

(3) FD2=4AB*+AG2; EK2=4AC«+AB«. 

(4) FD*+EK*=5BGs. 

(5) FG, HK, AL are concTirrent. 
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(6) If FC meet AB in M» and BK meet AC in N, AM=AN. 

(7) The medians of a ABC are perpen'dicvdar to the lines GH, 

FD, BK, and equal to their respective halves. 




(1) Use Euc. I. 39. 

(2) Use Euc. I. 14. 

(3) Produce FB to R, draw DRj.BR, 

prove A RBD = A ABC, and use I. 47. 

(4) This follows from (3) and Euc. I. 47. 

(5) Let FG, KH meet in P, and prove A GAP= A ABC, 

and PA, AL in the same straight line. 

(6) Use Euc. I. 37 to show 

ABNH=AABK=AABC=AGMC, 
and apply § 18, Ex. 6, Cor. ii. 

(7) Produce AC its own length to T, and show CS=and 

IIJBT. AlsoshowAKCE = ATCBandKE±BT. 
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12. On the sides AB, BO, of the tricuifirle ABO, any parallelo- 
grams ADBB, BFCK; are described, and DE, GF, produced if 
necessary, meet in H ; show that a parallelogram described on 
AO, with two sides equal and parallel to BH, is equal to the 
sum of the parallelogrrams on AB and BO. 

Use Euc. I. 35. 

13. From the precedingr Exercise obtain a proof of Euclid L 47. 

14. If ABOD be a rectangrle and O be any point, then 

OA2+O02=OB2+OD2. 

Use Euc. I. 47. 

15. In the A ABO the angrles A, O are each half a rigrht angrle; 
AD bisects z A and meets BO in D ; show that D03=2BD>. 

Draw DF X AC, and use Euc. I. 26 and I. 47. 

16. Let A and B be two fixed points, and let LM be a straigrht 
line ± AB. If AB, produced if necessary, meet LM in O, and P 
be any point in LM, then PA2+B02=PB2+ AO^. 

17. Show that the sum of the squares on the lines joiningr the 
angrular points of a rectangrle to any point within it is double of 
the squares of the perpendiculars from that point on the sidea 

18. In the figure of Ex. 11 show that the sum of the squares 
of the sides of the figure FGHKED is SBO^. 

See Ex. 11 (3). 

19. In any triangle the square on the side subtending an acute 
angle is less than the sum of the squares on the sides contain- 
ing that angle. Use Euc. I. 47 and I. 24. 

20. In an obtuse-angled triangle the square on the side sub- 
tending the obtuse angle is greater than the sum of the squares 
on the sides containing that angle. 

21. Enunciate and prove the converses of the two preceding 
theorems. 

22. ABO ... is a polygon, and from P, a point within it, PL 
is drawn i AB, PM ± BO, etc. ; show that 

AL2+BM2+ . . . =BL2+OM2+ ... 

23. Two triangles, ABO, PQB, have their sides respectively 
parallel ; QA^ and BAj are drawn ± BO, BB^ and PB2 ± OA, 
POi and QO2 ± AB ; show that 

PAi2+QBi2+ROi2=PA32+QBa2+R022. 

Draw the altitudes of A PQ.R, and use Euc. 1. 47. 



82 



Geometrical Deductions 



[§2i. 



§ 21. Maxima and Minima. 

This section contains theorems in Maxima and Minima, 
and has been placed last on account of the nature of the 
subject, although the propositions required are in the earlier 
part of Book I. 

1. If, from two fixed points on the same side of a griven 

straifiTht line straigrht lines be drawn to a point in the ^ven 

line, the sum of the lengrths of these lines shall be least when 

they make equal angrles with the griven line. 

{A standard Theorem.) 

Let A and B be the given points, C D the given straight 
line ; then if P be a point in CD such that z. APC= l BPD, 
and Q be any other point in C D, it is required to prove that 

AQ+BQ>AP+BP 
A 

From B draw B E x C D, 
and produce B Eand AP 
O to meet in F. 
Join FQ. 




Thenz.APC=z.FPE; 

.-. iLBPE=z.FPE. 

T A ( EP=EP, 

BPE FPEl ^BEP=^FEP, 
BPE,FPE^^gp^^^Pp^. 

.-. ABPE = AFPE; 
.-. PB=PF, and BE=FE. 
BE=FE, 
EQ= EQ, 
BEQ=^FEQ; 

ABEQ = AFEQ; .-. QB = QF; 
But, AQ+QF>AP+PF; 
.-. AQ+QB>AP+PB. 



[Euc. I. 15. 



[Right angles. 

[Proved above. 

[Euc. L 26. 



In As 
BEQ, FEQ 




Euc. I. 4. 
[Euc. I. 20. 
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Note. — It is shown in Optics that rays of light, incident from 
B on a plane mirror through C D at right angles to the plane 
of the paper, proceed after reflection as if they came from F. 
On this accoimt F is sometimes called the Image of B in C D. 

2. If; from two fixed points on opposite sides of a griven 
straierlit line straigrlit lines be drawn to a point in the line, the 
difference of the lengrths of these lines shall be greatest when 
they make equal angrles with the given line. 




LetiLAPC=z.BPC. 
Draw BExCD, and produce it to meet AP in F. 
Show as in § 6, Ex. 7 that AQ-QF<AF, 

or, AQ— QB<AP-PB. 

3. Of aU triangles on the same base and having the same 
area, the isosceles has the least perimeter. 




B C 

Let AB=AC and AD || BC 
Then A DBC= A ABC. [Euc. L 37. 

Show that AB, AC make equal angles with AD, 

and apply Ex. 1» 
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4. Of all trlangrles which have the same vertical angrle* and 
"Whose bases pass througrh a fixed point between the arms of the 
angle, the least is that whose base is bisected at the fixed point. 

A 

Let P be the fixed point, and 

let BC be bisected at P, and 

DPE be any other base. 

DrawCF||DB, 

and use Euc. I. 26, etc. 



5. From a point in the base of a trian^rle lines are drawn 
parallel to the sides. Show that the parallelogram which is 
thus formed is greatest when the point bisects the base. 




Let BC be bisected in D. 
Use § 16, Ex. 2 to show 




AD = iAABC. 

If QPR be drawn through P, 

so that QP=PR, 

show ozj AP=iA AQR ; 

and show as in Ex. 4 that 

A AQR < A ABC, 
and .*. ZZZ7 AP< £II7AD. 



6. Of all triangles having the vertical angle and the sum of 
the sides the same, the isosceles triangle has the smallest base. 

A 

Let ABC be an isosceles A, having 

AB=AC. 

Let AP+AQ=AB+AC. 

Draw QR=and || PB. 

Show that CQR is isosceles and CRx BC, 

and .-.BR (or PQ) >BC. 
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7. Of all trlanfirles havlngr two given sides, the greatest is that 
in which the contained angle is a right angle. 



Let AB, BC be the given sides, and 

let ABC be a right l . 

Let'DB=AB. 

Draw DE±AB. 

Show that BE<BD and 

.-. BE<AB. 

Show ADBC=AEBC<AABC. 





8. Of all triangles having the same base and the same peri- 
meter, the isosceles has the greatest area. 

LetAB=BC, 
and AB + BC=AD+DC. 
Let B E be drawn || AC meeting AD in E. 
ThenAE+EC>AB + BC [Ex.1. 

>AD+DC; 
.'. D is between A and E. 
Hence show A A BC > A A DC. 

9. If the diagonals of a quadrilateral be griven in magnitude, 
its area shaU be a maximum when they cure at right ajigles. 

Use the methods of Ex. 7 and § 16, Ex. 17. 

10. If the diagonals of a parallelogram be given, its area shall 
be a maximum when it is a rhombus. 

11. If two sides of a triangle be unequal, the altitude drawn to 
the shorter side shall be greater than that drawn to the longer. 

Use § 18, Ex. 5. 

12. XOY is an acute angle, and A, B are points within it. If 
P, Q be points on OX, OY, show that AP+PQ+QB is a minimum 
when z APX= l OPQ and z PQO= z BQY. 

Use Ex. 1. 

13. I^ in the figures of Bxx. 1 and 2, AB meet CD in B, 
Show that AB-BB and AB+BB are respectively a maximum 
and a minimum. 



CHAPTEE 11. 



PROBLEMS. 

The solution of problems often presents more difficulty 
than the proof of theorems, as the enunciation may give 
little or no clue to the construction required, It will, how- 
ever, be found that nearly all problems may be solved by 
one or other of the methods which are given in the following 
sections, and that many problems may be solved by more than 
one of these methods. The special attention of the student 
should be given to the method of Analysis and Synthesis 
described in § 27, 

The remarks in Italics^ which in the illustrative examples 
follow the general enunciations, are intended to explain to 
the student the nature of the method employed in the section, 
and do not require to be written out as part of the solution. 

§ 22. Problems which follow directly from known Theorems, 
1. Trisect a rigrlit anfirle* 

We know hy Euc. I. 32 that each angle of an equilateral triangle 
is two-thirds of a right angle. This suggests the construction which 

follows. (A Stafidard Conttmction.) 

A D 




Let ABC be a right angle ; it is required to trisect it. 

8G 
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Construction — 

On BC construct an equilateral A DBC. [Euc. I. 1. 

Through B draw BE bisecting the l DBC. [Euc. I. 9. 
L ABC shall be trisected by BD and BE. 

Proof — 

The sum of the three angles of A D BC is 2 rt. l s. [Euc. I. 32. 

.*. L DBC is two-thirds of a rt. z. ; 
.*. each of the l s ABD, DBE, EBC is one-third of a rt. z. . 



2. Bisect a paraUelogram by a Ettraifirlit line c'rawn throTierb any 
given point. 



See § 16, Ex. 16. 




a Divide an eqxiilaterai triangle into three congruent triangles. 



Use § 9, Ex. 6, and Euc. I. 26. 
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4. OA, OB, OC are tliree stralgrlit lines, and P is any point in 
OA ; show how to draw a straight line throu^rh P meeting: OB, 
OC in S, B, so that PS=SB. 




Draw PQIIOC, QRIIAO, 

and join PR. 

Use § 15, Ex. 1. 



5. Construct a rhombus, having firiven its diagronals. 




See § 3, Ex. 4. 



6. Construct a square equal to the sum of two given squares. 



A- 
C- 



-B 





Let AB, CD be sides of the given squares. 

Draw EF=AB, FGxEF and =CD. 

Use Euc. I. 47. 
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7. Construct a sqiieure equaJ to the difference of two griven 
squares. 



B 




Let A B, CD be sides of given squares. 

Draw EF=AB, FG±EF; 

With centre E, and radius equal to C D, 

describe a circle cutting FG in H. 



8. Througrh two points draw two straigrht lines which sheOl 
make with a ^ven straight line a triangrle equiansrular to a 
griven triangrle. 



Let LM N =the given triangle, 
A, B be the given points, 
and M N the given line. 

Draw PAQIILM, PBR||LN. 




9. Trisect a ^venstraierht line. 



See § 13, Ex. 4. 

Find an alternative 
method. 
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10. Divide a given straight line into any number of equal 
parts. (-^ standard CorutructiorK) 

Let AB be the given line. 
Draw AC, and cut oflf equal 

parts AC, CD, etc. 

Join FB, and draw parallels. 

Then AP=PQ=etc. 

See § 16, Ex. 11. 

11. Divide a triangle into any number of equal parts by lines 
drawn tbrougb. tbe vertex. iA standard Construction.) 

Divide the base into the given 

number of parts as in Ex. 10. 

Join AD, etc., 

and apply Euc. I. 38. 



12. Construct an isosceles triangle on a given base, having 
the angle at the vertex double each of the angles at the base. 

Use Euc. I. 32. 

18. Construct an isosceles triangle on a given base, having 
the vertical angle four times each of the angles at the base. 

Use Ex. 1. 

14. Construct an isosceles triangle on a given base, such that 
the two angles at the base are together equal to three times 
the vertical angle. 

15. Construct an equilateral triangle with a given straight 
line as altitude. Use Ex. 1. 

16. Bisect a paoraUelogram l3y a straight line drawn parallel 
to a given straight line. 

See § 16, Ex. 16. 

17. Draw a straight line through a given point so as to make 
equal angles with two given straight lines which cannot be 
produced to meet. 

Draw parallels through the given point, etc. 
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la Divide an equilateral trianfirle into nine equal trianfirles 
-whose common vertex is a point within the trianfirle. 

See figure of § 13, Ex. 4. 

19. Construct a square, havlnsr sriven its diagonal. 

Compare Ex. 5. 

20. Construct a square equal to the sum of three or more 
firlven squarea ^ See Ex. 6. 

21. Construct a square equal to twice, thrice, four times, etc., 
the area of a firiven square. 

22. Throuerh two given points draw straight lines which 
shall make an equilateral triangle with a given straight line. 

Use the method of Ex. 8. 

23. Divide a parallelogram into any number of equal paral- 
lelograms by lines drawn parallel to one pair of sides. 

See Ex. 10, and use Euc. I. 36. 

2^ Trisect a parallelogram by lines drawn through an 
angular point. 

See § 17, Ex. 22. 

25. On a given straight line describe a rhombus having an 
angle equal to a given rectilineal angle. 

Use the method of Euc. I. 46. 

26. On a given straight line describe a rhombus having each 
of one pair of opposite angles equal to twice each of the other 
pair. 

27. Construct a rectangle equal to a given square, and having 
one side equal to a given straight line. 

Use Euc. I. 43, as in I. 44. 

28. Trisect a triangle by straight lines drawn from the 
angular i)oints to meet at a point within the triangla 

See § 17, Ex. 6. 

29. Draw straight lines through the angular points of a 
quadrilateral so as to form a paraUelogrram whose area is 
double that of the quadrilateral. 

See § 16, Ex. 17. 

Show that an infinite numher of solutions exist 
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§ 23. Locu 

An important class of problems is that in which it is 
required to find a locus. 

Locus is, of course, nothing else than the Latin word for 
placey and is the complete answer to a question asking where. 
For example, Where shall we find a point which is at a given 
distance AB from a given point C ? 

If we take a pair of compasses and measure in any direc- 
tion from C a length 
CD=AB, D is clearly 
..• ■ ' 0716 answer to the ques- 

tion. By a similar pro- 
cess E is also an answer, 
A B \ c 'r- ^^^ so are F, G, H, etc. 

.p In fact there are an in- 
•G finite number of points 
* K which answer the ques- 

tion, and if we continue 
making dots to represent these points, we shall at last be 
unable to distinguish the row of dots from a complete circle 
whose centre is C, and whose radius is equal to AB. 

This circle is therefore the ^^lace where all such points are 
to be found ; and if we suppose a point to start from D and 
move round the circle, it will at every position satisfy tlie 
given condition. The line which it traces out is the gathering 
together or aggregate of all these positions, and is called the 
locus of the point. Hence we obtain the following definition : — 

Definition. — The Locus of a point is the aggregate of all the 
positions of the point which satisfy a given condition. 

In plane geometry such an aggregate will be found to con- 
sist of one or more straight or curved lines or portions of lines. 

In order to show that any such line (or lines) constitutes 
the required locus, it is necessary and sufficient to prove (1) 
that any point which satisfies the given condition is in the 
Mne ; (2) that every point in the line satisfies the condition. 
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1. Find the locus of a point which is equidistant from two 
given points. D 



(A Standard Locus.) 

Let A, B be the given points. 

Join AB, and bisect it in C. 

C is equidistant from A and B, 

and is therefore a point 

in the locus. 




In As 
PCA, PCB 



(1) Let P be any other point which satisfies the condition. 

Join PC. 

PC=PC, 

C B, [Construction. 

PB ; [Hypothesis. 

.-. APCA = APCB ; [Euc. i. 8. 

.-. z.PCA=Z-PCB = art. ^; [Def . of rt. z. . 
Thus any point which satisfies the given condition is in CD, 
the perpendicular to AB through its mid-point. 

(2) Every point in CD satisfies the condition. 

Let Q be a point in CD. Join QA, QB. 

.-. AQCA=AQCB; 
.-. QA=QB. 
Therefore, the straight line CD, drawn at right angles to AB 
through its mid-point, is the required locus. 

2. Find the locus of a point whose distance ft*om a given 
point is equal to a griven straight line. (A standard Iaxsus.) 

This is the case already discussed on p. 92. 

Show (1) that any point which satisfies the condition is on 
a certain circle; and (2) that every point on that circle 
satisfies the condition. 



Right angles. 
Euc. I. 4. 
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8. Find the locus of a point whose distcuice ttonn a sriven 
strai£rht line of unlimited lensrth is equal to a sriven finite 
straifiTht line. (A Standard Locus.) 



H 



■K 



Q 



We have PE ± AB and=CD. 

Produce PE its own length to G. 

Draw PH, GK ± PG. 

PH and GK produced both ways form the locus. 

1 

Prove this by means of Euc. I. 34. 



4. Find the locus of a point which is equidistant ttom. two 
intersecting straifirl^t lines. (A Standard Locus.) 




Let A B, CD be the given lines, 
P a point which satisfies the condition. 

Join PE. 

(1) Prove that PE bisects ,z.AED or l BED. 

(2) Prove that any point T on either bisector satisfies the 

condition. 



§ 23.] Book I. — Problems 95 

6. Find the locus of tlie vertex of a triangrle of griven area 
on a sriven base. ;(4 standard Locus.) 




Let ABC be a triangle of given area on a given base BC, 
and P, Q points which satisfy the condition. 

Draw AN J. BC, and produce it to A', so that NA'=AN. 

(1) Prove PA || BC. 

(2) Prove that any point on A P or A'Q satisfies the 

condition. 

6. A is a fixed point, and BC a fixed strao^rlit line ; P is any 
point in BC ; PA is joined cuid produced to Q so that 
AQ=PA ; find the locus of Q. 

Through Q draw QR || BC, and 
use Euc. I. 26 to show that it is the 
required locus. 



7. A is a fixed point, and BO a fixed straight line ; P is any 
point in BC ; AP is joined and bisected in Q ; find the locus 
of Q, 




Through Q draw QR || BC, 
and use § 16, Ex. 1. 




BP 
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8. Find the locus of a point whose distance from the cir- 
cumference of a griven circle measured alongr the radius, or 
'the radius produced, is constant. 

Use Ex. 2. 

O. AB is a finite straigrht line ; find the outline of the locxis 
of a point whose shortest distance from some point in AB is 
always eq\ial to a sriven straifirht line. 

Use Exx. 2 and 3. 

10. Find the locus of a point which is equidistant from two 
parallel straifirht lines. 

11. APQB is a rhombus, such that P cuid B lie on two fixed 
straight lines througrh A ; find the locus of Q. 

See § 3, Ex. 3. 

12. APQB is a parallelogram of constant cu-ea on a given 
base AB ; find the loci of P and Q. 

Use Ex. 5. 

13. A is a fixed point, and BC a fixed straight line ; P is 
any point in BC ; if AP is produced to Q so that PQ=AP, 
find the locus of Q. 

Use the method of Ex. 6. 

14. A is a fixed point, and BC a fixed straight line ; P is cuiy 
point in BC If PA be produced to Q so that AQ=2PA, find 
the locus of Q. 

15. A is a fixed point, BC a fixed straight line, and n is a 
whole number; P is any point in BC, cuid in AP or PA 
produced a point Q is taken so that AQ=iAP ; find the 
locus of Q in either case. 

16. A is a fixed point, BC a fixed straight line, cuid n is a 
whole number ; P is any point in BC, cuid in AP or PA pro- 
duced a point Q is taken such that AP=nAQ ; find the locus 
of Q in either casa 

17. A is a fixed point, and P is a point on a circle of which 
A is centre ; find the locus of the mid-point of AP. 

18. A is a fixed point, and P is a point on a circle of which 
B is centre ; show that the locus of the mid-point of AP is a 
circle whose centre is the mid-point of AB and whose rcuiivis 

is JBP. Consider the cases in which A is within, 

on, or outside the given circle. 
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§ 24. Intersection of Loci, 

In many problems we are required to find the position of 
a point which satisfies two given conditions. Each of the con- 
ditions determines a locus on which the point must lie, and the 
solution is therefore the point or points common to both loci. 

This method of the Intersection of Loci is used by Euclid in 
the 1st and 2 2d Propositions of Book I. 

1. To find a point in a griven stralerlit line which ahaJl be 
equidisteuit firom two griven points. 

The point required must lie on the locus found in § 23, Ex. 1, 
and also on the given line. It must therefore he their point of inter- 
section. Hence we obtain the following construction, 

B 




Construction — 

Let A, B be the given points, CD the given straight line. 

Join AB. Bisect it in E. [Euc. I. 10. 

Draw EP-lAB, meeting CD in P. [Euc. I. 11. 
P shall be the required point. 
Proof — 

Join A P, BP. 

{A E = B E, [Construction. 

EP =EP, 
2lAEP=z.BEP; [Right angles. 

,\AP=BP. [Euc. I. 4. 

Note that if ABJ.CD, EP will not meet CD, and there is therefore 
no solution unless CD pass through E. 

G 
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2. On a griven line of imlimited length find a point whose 
distance ttom a sriven point is equal to a sriven finite strai^rht 
line. 




Describe a circle, with the fixed point C as centre, and the 
given finite line as radius. 

Show that either of the points in which it cuts the given 
line AB satisfies the problem. 

Examine the condition that no solution may exist. 



3. To describe an isosceles triancrle, ecKdi of whose sides shaU 
be double the bCLse. 




Produce AB its own length both ways to C and D. 

With A and B as centres, describe circles intersecting in 
P and Q. 

Show that either PAB or QAB is the triangle required. 
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4. Find a point which is equidistcuit from three given pointa 

A 



See § 1, Ex. 5. 

Find in what case this problem 
has no solution. 



B C 

5. Find a point which is equidistant from three given lines. 





See § 7, Exx. 7 and 8, and show that four points I, J, K, L 
satisfy the condition. Find in what cases the condition is 
satisfied by (1) two points, (2) no point. 

6. ABO» DEF are two tricuigrles ; find a point P such that 
aPBO= aABO in area» and aPBF= aDBF. 




Use § 23, Ex. 5. 
Each of the four points Pi, Pa, P,, P4 satisfies the conditions; \ -:: 



« 



lOO 
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7. Draw a straigrlit line throuerli a griven point such that the 
part intercepted between two sriven intersecting straierht 
lines shall be bisected at that point. 

Let O be the given point. 

Use the method of § 23, Ex. 6 

to find the locus of Q, when 

QO=OP. 

Let this locus meet AC in R. 

ROS shall be the line required. 

Prove by Euc. L 26. 




8. O is a Griven point, and AB, AC are two griven straight lines ; 
draw a straight line from O to AB which shaU be bisected by 
AC. 



Let P be any point in AB. 
Join O P. Bisect it in Q, 
anddrawQR||AB. 
Join OR, and produce to meet AB 

inS. 

Prove by § 16, Ex. 1. 

Compare the method of § 22, Ex. 4. 




A P 



O. Ck>n8truct an isosceles triangrle equal to a sriven triangrle^ 
and standing on the same base. 



Let ABC be given triangle. 

Bisect BC in D. 
Draw DP±BC and AP|| BC. 
Use § 1, Ex. 4, and Euc. L 37. 
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10. Construct a trianerle equal to a griven parallelograxn, and 
havinfir an angrle equal to a given angle. 

PA D 

Let ABCD be the z=Z7. . 

Produce CB to E, BE=BC, etc. Z_ 
Use Euc. I. 41 and I. 37. 



11. Construct a parallelogrram equal to a griven triangle, and 
having its perimeter equal to that of the triangle. 

Bisect BC in D. 
Find DE=J(AB+AC). 
Use Euc. I. 31 and I. 41. 



12. Given two points and a Une, describe a circle such that its 
centre shaU be on the line, and its circumference shaU pa^is 
through the two points. 

See Ex. 1. 

13. Find a point at a given distance firom a given point, and 
equally distcuit from two other griven pointa 

Use § 23, Exx. 1 and 2. 

14. Find a point at a griven distcuice from a griven point and at 
a griven distcuice from a griven straight line. 

Use § 23, Exx. 2 and 3. Show under what circumstances 

there may be 4, 3, 2, 1, or no solutions. 

15. Find a point whose distances from two given straight 
lines are respectively equal to two given finite straight lines. 

Use § 23, Ex. 3. Compare § 24, Ex 6. 

16. Find a point whose distances from two given circles 
measured along the radii or radii produced are respectively 
equal to two griven straight lines. 

17. If /7 be a whole number, show how to describe an isosceles 
triangle each of whose sides shall be n times its base. 

Use the method of Ex. 3. 

18. Describe an isosceles triangle on a griven base with sides 
equal to a griven straight line. 
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10. Find a point in the base of a triangrle, or the base produced, 
equidistant from the two sides. 

Use § 23, Ex. 4, and show that in general either of two points 
satisfies the conditions.^ When will there be only one point ? 

20. Draw a line through a sriven point such that the given 
point shaU be a point of trisection of the part intercepted 
between two given lines. 

Employ the loci found in § 23, Exx. 14 and 16. 

21. O is a given point, cuid AB, AC are two given straight lines. 
Draw a straight line from O to AC, such that AB shaU cut it in 
a point of trisection. 

22. O is a given point, AB, AC are two given straight lines, 
and /f is a given whole number. Draw a straight line POQ 
meeting AB in P, AC in Q, so that OP = n times OQ. 

Employ the locus found in § 23, Ex. 16. 

23. O is a point surrounded by a closed cxurve ABC, and DE is 
a straight line outside the curve. Draw a straight line from O 
to meet ABO in P and DB in Q, so that OP^PQ. 

Use the method of Ex. 8. 

24. Construct a right-angled isosceles triangle equal to a 
given square. 

Compare Ex. 10. 

25. Construct a parallelogram equal to a given square stand- 
ing on the same base cuid having an angle equal to half a right 
angle. 

26. Construct a rhombxis equal to a given pcuraUelogram 
having each of its sides equal to the longer side of the paraUelo- 
gram. 

Use Euc. I. 35. 

27. Construct a rhombus equal to a given triangle, having 
each of its sides eq\ial to the base of the triangle. 

Use the method of the previous Ex., making the altitude 
of the rhombus half that of the triangle. 
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§ 25. Intersection of Loci — (continued). 

A number of similar problems depend on Euc. I. 37 and 
on the locus found in § 23, Ex. 5. 

1. ABC is a trianfirle, and P is cuiy point in AB ; find a point Q 
in BC produced such that a PBQ= a ABC. 

A 




[Euc I. 37. 



B C Q 

Construction — 

Join PC. 

Through A draw AQ || PC, cutting BC in Q. [Euc. I. 31. 
Q shall be the required point. 
Proof— Join PQ. 

AQPC=AAPC. 
Add to each A PBC; 
.-. APBQ=AABC. 

2. Bisect a triangrle by a line drawn throufirh a point in one of 
its sides. (,A standard Corestru/Ction.) 

Let ABC be a triangle, A 

P the given point in AB. 
Bisect BC in D. 
Join AD. 
Then AABD=^AABC. 

[Euc. I. 38. 4 D — Q C 

It is required to find a point Q in B D produced such that 
A PBQ= A ABD. This is done as in Ex. 1. 

Observe that when AP > BP, Q falls beyond C, and we 
must then bisect AC in E, join B E, etc. 
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S. Construct a rectilineal figure equal to a sriven rectilineal 
flerure» and haviner fewer sides by one tlian the sriven fi^rure. 

(A standard Construction.) 

Let ABODE be the figure. 

Join AC. 

Draw BP II AC meeting DC 

produced in P. 

Join AP, 

and prove APDE= ABODE. 

By successive constructions similar to the above a triangle 
may be obtained equal to a rectilineal figure of any given 
number of sides. 

4. Bisect a quadrilateral by a straifirbt line drawn throufirh an 
angrular point. (A standard Construction.) 

Let ABC D be the quadrilateral. 

Construct, as in Ex. 3, 

AAPD=ABCD. 

Bisect PD in Q. 

Show that AQ bisects (1) A APD ; 

p Q — Q D ^^^ (2) the quadrilateral A BCD. 

Observe that when AABO>AACD, Q falls beyond 0, 
and in that case we must produce BO and draw through D 
a line parallel to AC. 

5. Trisect a triangrle by strai^rlit lines drawn throuerli a point 
in one of its sldea 

Trisect BO in D,E, 

[§ 22, Exx. 9 and 10. 
and use construction of Ex. 1, 
toVmake A PBQ=AABD, 
^-p-^ -e APRO = AAOE. 

Examine the case when P is between B and D. 
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6. ABCD is a parallelogram, and P is a point in AD ; find a 
point Q in BC produced such that the trapezium AQ == /=? AG. 





B C Q 

Bisect DC in E. 

Join PE, 

and produce it to meet BC in Q. 
Use Euc. I. 26. 

7. Trisect a trianerle by straight lines drawn firom a given 
point within the triangle. 




B P D E Q C 

Let BC be trisected in D, E. 

Join OA, OD, OE. 

DrawAP, AQIIOD, OE. 

Join OP, OQ. 

Show that OA, OP, OQ are the lines required, using 
Euc. I. 38. 

8. Construct a triangle equal to a given triangle having its 
base equal to a given straight line, and an angle equal to one of 
the angles of the griven triangle. 

Use the method of Ex. 1. 

9. Construct a triangle equal to a given tricmgle, having its 
base equal to a given straight line, and having an angle equal to 
a given cuigle. 

Use the method of Ex. 1 , and Euc. I. 37. 
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10. Construct a triangrle equal to a sriven trianerle, havingr two 
of its sides equal to two sriven stralfflit Unea 

Use the method of Ex. 1, and Euc. I. 37. 

11. Construct a triangrle eq\ial to a criven trianerle, havingr its 
altitude equal to a criven straigrht line cuid cm angrle equal to one 
of the ansrles of the griven triangrle. 

12. Construct a triangrle equal to any number of criven 
triangrles. 

Use the method of Ex. 11 to ohtain equivalent triangles 
with a common altitude, and construct a triangle with this 
altitude and a base equal to the sum of the bases. 

13. On a griven base construct an isosceles triangrle equal to a 
gfiven triangrle. 

Use the methods of Ex. 1 and § 24, Ex. 9. 

14. Bisect a quadrilateral by a straigrht line drawn througrh a 
point in one side. 

Use construction of Ex. 3 to obtain an equivalent 

triangle with the given point as vertex. 

15. Bisect a pentagron by a straigrbt line drawn througrh an 
angrular point. 

Use the methods of Exx. 3 and 4. 

16. Divide a triangrle into four eq\ial parts by straigrht lines 
drawn (1) througrh cm angrular point, (2) througrh a point in one 
of its sides. 

See § 22, Ex. 11, and § 25, Exx. 2 and 4. 

17. Divide a paraUelogrram into four equal parts by straigrht 
lines drawn fix>m a point in one of its sides. 

See § 22, Ex. 2, and § 25, Ex. 4. 

la Draw a straigrht line from cm angrle of a triangrle to the 
opposite side so as to cut off a part equal to a griven rectilineal 
fl^rure. 

19. AB is a ^ven straigrht line, CDE a griven triangrle; find 
a point P in AB so that A PDE= A CDE. 

Find in what case there is no solution. 
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§ 26. Straight Lines which satisfy two Conditions, 

In § 24 the position of a point which satisfies two 
conditions is found by the method of Intersection of Loci. 
A similar method enables us to find the position of a Straight 
Line which satisfies two Conditions. 

1. Draw a straifirlit line throucrh a griven point whlcli shaU 
make equal angrles with two griven stralgrht lines. 

Here there are two conditions to be scUisfied. 

(1) ITie line must pass through the given point P. This shows 
that it must he one of an infinite set of lines all radiating from P. 

(2) The line must make equal angles with the two given straight 
lines. It will therefore he the hose of an isosceles triangle of which 
the two given lines are the sides. This shows that it is one of an 
infinite set of lines which are all perpendicular to one and there- 
fore parallel to the other of the hisectors of the angles fcyntwd hy tlie 
given lines (§ 1, Ex. 2 and § 4, Ex. 1). 

The only straight lines which are common to hoth these sets, and 
thus satisfy hoth conditions, are found hy the following construction. 



f^ 




Let AOB, COD be the given straight lines, P the given 
point. It is required to draw a straight line through P which 
shall make equal angles with AB, CD. 



io8 
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Construction — 
Draw OE,OF bisecting the angles AOD, BOD. [Euc. I. 9. 
Through P draw LPM, PQR || OF, OE. [Euc. I. 31. 
These shall be the straight lines required. 



A^ 





E 


3 




i:^^...^^ 


^^ 


^ 


F 


^^-^^^r^^^"^^ 






Q-^^'^^^ 


R^ 


S.B 



Proof- 



^LMO=z.DOF 




Euc. I. 29. 


z.MLO=z.BOF 




Euc. I. 29. 


and z.DOF=^ BOF; 


[Construction. 


.-. ^LMO=z.MLO. 




Similarly l QRO- l RQO. 







2. Draw a straight line througrli a griven point O such that 
the perpendiculars drawn to it from two griven points A, B 
shall be equal. 




The second condition is satisfied by 

(1) All straight lines || AB ; 

(2) All straight lines through the mid-point of AB. 

Of these OP and OQ satisfy the condition of passing 
through O. 
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3. AB, CD are two parallel strai^rht lines, and O is a griven 
point; draw through O a straight line such that the part 
intercepted by AB, CD shall equal a given straight line. 

O 




C F 



With centre E on AB, and given straight line as radius, 

describe the circle FG. 
Through O draw OP, OQ || EF, EG. 

4. AB, CD and AC, BD are two pairs of parallel straight 
lines ; draw a straight line through a given point O such that 
the parts intercepted by the two pairs may be equcd. 



Join AD, BO, and draw 
parallels through O. 

Prove by Euc. I. 34 
KL=MN, PQ=RS. 




£. Draw a straight line paraUel to the base of a triangle 
such that the part intercepted by the sides of the triangle 
may be equal to a given straight line. 

A 



Cutoff BF=DE, 
and draw PR || BA, etc. 
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6. Draw a straierbt line PQ between two parallel straierbt 
lines AB, CD, parallel to a griven straifirlit line EF, and Buch 
that P and Q are equidistant from a ffiven point O. 

A P B 




Draw GH equidistant from AB, CD. 
Draw OL ± EF meeting GH in M. 

Draw PQ through M || EF. 
Show that PM = QM and PO=QO. 

7. Draw a straifirbt line which wotQd if produced bisect the 
angrle between two griven straigrlit lines which cannot be pro- 
duced to meet. ^Q 




Draw EF II CD, and let EG bisect z. AEF. 
Bisect EG in H, and draw H K J- EG. 

8. Draw a straigrbt line of griven lengrth perpendicular to the 
base and terminated by one of the sides of a griven triangrle. 

Compare Ex. 5. 

Definition. — One rectilineal figure is said to be inscribed 
in another when each vertex of the first figure is situated on a 
side {or side produced) of the other. 

Observe that each vertex must be on a different side, 
except when (as in Ex. 9) the number of vertices exceeds 
the number of sides. 

9. Inscribe a rectangle in a triangrle havlngr a side equal to 
a griven straigrbt line. Use Ex. 6. 

10. Inscribe a rectangrle in a square havingr a side equal to 
a griven straigrht line. 
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§ 27. Analysis and Synthesis. 

Many Problems may be solved by the very important 
method of Analysis cmd Synthesis, This method consists in 
supposing for the moment that the problem has been solved, 
and examining or analysing the figure thus obtained with a 
view to finding a property which will lead to the required 
construction or synthesis, 

1. Find a point in a griven straigrbt line such that the straifirht 
lines joininfiT it to two griven points may make equal cmgrles with 
the sriven straight line. 

A- 





ED 



Analysis — 

Let A, B he the given 'points^ CD the given straight line. 
Suppose that a point P has been found such that 

z.APC=z.BPD. 

It is dear that if BE he drawn J- CD and produced to 
meet AP in F, ABPE=AFPE. [Euc. I. 26. 

.-. BE=FE. 
This suggests the following 

Construction — 

Draw BExCD. [Euc. I. 12. 

Produce BE to F so that EF=BE. 

Join AF, meeting CD in P. Join BP. 

P shall be the point required. 

Froof— T A ( BE =FE, [Construction. 

BEP, FEP 



EP =EP, 
z.BEP=FEP; 
.'. ABEP=AFEP; 
.-. L APC=z.BPD. 



[Right angles. 
[Euc. I. 4. 
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a. AB, CD are two ^ven Btrolerht lines, and O Is a point U 
AB • flnrt pi^ts in AB equaily distant ttom O and from CD. 




//OP=PM, and PM, OLJ-CD, 

^POM=:!-PMO=i.MOL; 

.-. OM bisects i.POL. 

CtmsiTWlum — 

Draw OL J.CD. 
Draw OM, ON bisecting ^s AOL, BOL. 
DrawMP, NQiCD. 
P and Q shall be the points required. 



3. Find a point in the base of a trianfrle such that etralgrlit 
Ilnee drawn from that point parallel to and terminated b^ the 
stdee shall be equal. 




is a rhombus, and we know that the diagonal of 
I bisects its angles. Hence we obtain a construc- 
10. 



§^7.] 



Book I. — Problems 



4. Inscribe a regular hexagon In an equilateral triaxigrle* 



113 



It is clear that each side must 
be trisected. 




5. Inscribe a rhombus in a parallelogrram with a griven point 
in one side as vertex. 

Let P be the given point. 

Draw POR through the 

centre O. 

Draw QOS-lPOR. 
Prove PQRS to be the 

required rhombus. 

Examine the cases in which either two or four of the vertices 
of the rhombus are on the produced sides. 

6. Construct a trapezium whose sides are griven. 




V 



\ 



B 



Construct the AEAB so that EB, BA are the oblique sides 
and EA the difference between the parallel sides. 
Complete the £=7 E DC B. : ' . 



ABC D is the trapezium required. 

H 



1 
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7. Construct a quadrilateral havingr given two opposite sides 
and three cmgrlee. 

Let AB, CD=tbe given sides, 

and La A, B, C=the given angles. 
Draw AB, make l BAD= l A, and 
lABC=lB. 
Produce CB to F, 
and make l FBE= l C. 
Cutoff BE=CD. 
Draw ED II BC meeting AD in D. 
Draw DC II EB meeting BC in C. 
Prove ABC D to be the required quadrilateral. 

8. Divide a griven straifirht line into two parts, so that the sum 
of the squares on the segrments may be equal to the sqviare on a 
griven line. 

Let AB be the given line to be divided, 

AC^ the given square. 
Ifz.ABC=Jrt.2L, EC=EB, 

AE2+ E B2= AE2+ EC2= AC2. 
Also AF2+FB2=AF2+FD2=AD2. 
Hence we obtain the construction 
indicated in the figure. 

9. Divide a griven straigrht line into two paxts so that the 
difference of the squares on the segrments may be equal to the 
square on a griven straigrht Una 

E 






C D A Q B 

Let AB be the given straight line, CD^ the given square. 

Suppose Q to be the required point and QP J- AB. 

Then AP2-.BP2=AQ2-BQ2=CD2=CE2-ED2 

if DEJ.CD. 

,•5* cm base CD construct right-angled A CDE, 
: : J ' ;' and make AP=CE, BP=DE, etc. 
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10. Produce a griven straifirbt line, so that the difference of the 
squares on the whole line thus produced, and on the part pro- 
duced, may be equal to the square on a griven stralgrht line. 






Let AB be the given straight line, CD^ the given square. 
Suppose Q to be the required point and QP j. AB. 
Then AQ2-BQ2=AP2-BP2=CD2=CE2-ED2, 

if DE±CD. 
Hence derive a construction to obtain A APB and to find Q. 

11. Divide a straiffht line AB in Q so that AQs=2BQ*. 

If APQ be a rt ^ , and AP= PQ=QB, 

then AQ2=2QB2. 

Hence we see that l PAQ=^ rt. l ; 

and L PBQ=^ l AQP=i rt. l . 

This leads to a construction to find P. ^ 

12. Produce a straigrht line AB to Q so that AQ2=2BQ'. 



If AQ2=PQ2=PB2+BQ2=2BQ2, 
we see that l Q=|^ rt. l ; 

.-. z.A=|rt. z.. [EUC.L32. 
Thus we obtain BP, and therefore BQ. 



13. Construct a square, havingr sriven the sum of a side cuid 
adiaffonaL 

Given AB, make l ABP= J rt. l . 
Draw AP±AB, and take AQ=AP. 
(A B may also be divided as in Ex. 11.) 





ii6 
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14. Draw a straigrht line BD such that BD^=3AB^, 

This problem may be solved as in § 22, Exx. 6 and 21, 
or by the following method :— 

D DrawBDxAB. If BD2=3AB2, 

AD2=AB2+BD2=4AB2; 

.-. AD=2AB. 

•*. if AB be produced to C so that 

BC=AB, and CD be joined, 

ACD is an equilateral triangla 

Hence obtain a construction. 




15. Divide a straigrht line AB in Q so that AQ2=3BQ3. 

If PQ=QB, AP2=4PQ2. 

Thus L PAQ=half the angle of an 

equilateral triangle, 

and L PBQ=half a right angle. 

Hence obtain a construction. 




16. Having: griven two circles, draw a line equal and paxaUel to 
a griven straigrht line with one of its ea^tremities on each of the 
circles. 

Let A and B be centres of 

circles. 

AC = and || given line. 

With centre C describe a 

circle = circle A and cutting 

circle B in P. 

Draw AQ || CP, and show that QP is the required line. 

Show that there are in general two solutions, and find in 

what case there is no solution. 

17. Inscribe a rhombus in a griven triangrle so that one angrle 
of the rhombus may coincide with one angrle of the triangrle. 

Compare Ex. 3. 




§ 27.] Book I. — Problems 1 1 7 

18. Inscribe a square in a ricrht-an^rled trian^rle so tliat one 
anfirle of the square may coincide with the rifirht angrle. 

Use the method of Ex. 3. 

19. Inscribe a square in a griven rhombus. 

Draw the diagonals and compare previous Ex. 

20. Divide a straight line AB In C so that AC2=4BC2. 

Trisect the line. See § 22, Ex. 9. 

21. Divide AB in C so that AC2=iAB3. 

See § 20, Ex. 2. 

22. Produce AB to C so that AC2=2AB2. 

See § 20, Ex. 2. 

23. Construct a square, haviner griven the difference between 
a side and a diagronal. 

Compare Ex. 12. 

24. Produce a straigrlit line AB to C so that ACa=3BC2. 

Use the method of Ex. 15, but bisect the exterior right 
angle at B. 

25. Find two straifirht lines> having: sriven the sum of the 
lines and the difference of their squares. 

Compare Ex. 9. 

26. Find two straigrht lines, haviner Sfiven the difference of 
the lines ajid the difference of their squares. 

Compare Ex. 10. 

27. Given two circles and a point, draw a line through the 
point to meet the two circles and be bisected at the point. 

Use § 15, Ex. 1, and a construction similar to that of 
Ex. 16. 

Find the condition that this problem may have two, one, 
or no solutions. 
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§ 28. Reduction to a Simpler Case. 

Many problems may be solved by the method of Eedudion 
to a Simpler Case, 

1. To Inscribe a square In a given triangle. 

In § 27, Ex. 3, a rhombus has been inscribed in a triangle. If 
the triangle be right-angled the rhnmbus will be a sgmre. We 
thus see how to inscribe a square in a right-angled triangle. 




Let ABC be a triangle ; it is required to inscribe a square 
in ABC. 



Construction — 

DrawADi.BC. 

Produce BC to E, so that CE=BD. 

Bisect Z.ADE by DF, meeting AE in F. 

Through F draw Fl || CB, 
and let Fl meet AC, AD, AB in G, H, I. 

DrawFK, GL, IM±BC. 
I M LG shall be the inscribed square. 



[Euc. I. 12. 

[Euc. I. 9. 
[Euc. L 31. 

[Euc I. 12. 
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Construction. 

Construction. 

[Euc. I. 29. 

[Euc. L 6. 



Proof — 

The figures H DKF, I M LG are rectangles. 
alsoz.HDF=z.KDF, 
andz.KDF=z.HFD; 
.-. ^HDF=z.HFD; 

.-. HF=HD; 
.*. HDKF is a square. 
And the intercepts, made by the sides of two triangles, 
which have equal bases in the same straight line j and are 
between the same parallels, on a straight line parallel to 
their bases, are equal ; 

.-. IH = GF; [§18, Ex.3. 

.-. IG=HF=HD=IM; 
or I M LG is a square, and it is inscribed in the A ABC. 



2. Draw a strai^rlit line throufirb a griven point such that the 
Intercepts made on it by three conc\irrent straierht lines shall 
be equal. 

F__S_c 

Use the construction of § 22, Ex.4, 
to draw DEF so that DE=EF. 
Through P draw QRPS || DF. 
ThenQR=RS. [§ 18, Ex. 2. 




3. Divide a square (or a paraUelogram) into four equal parts 
by straight lines drawn throucrh a point in one of its sides. 

P D 



Use the methods of § 22, Ex. 2, and 
§ 25, Ex. 4. 
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4. Bisect a trapezium by a straierlit line drawn through one 
of the angular points adjoining the shorter parallel side. 

Let ABC D be the trapezium. 
Use the construction of § 17, 
Ex. 14, and draw DQ. 
X Compare § 25, Ex. 4. 

6. Trisect a paraUelogram by straight lines drawn through a 
point in one of its sides. 

First, trisect the parallelogram 
as in § 22, Ex. 23 ; 
p then use the methods of § 25, 
° Ex, 6, and § 25, Ex. 4. 

6. Any two points being given in the opposite sides of a 
quadrilateral, inscribe in it a parallelogram having two of its 
angles at the two given points. 





Let ABCD be quadrilateral; E, F the given points. 
Bisect EF in O, and use the construction of § 24, Ex. 7. 
Draw GOH so that GH is bisected in O. 
Use § 15, Ex. 1. 
I Examine the cases in which one or more of the vertices 

of the parallelogram are on produced sides. 
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7. Trisect a parallelogram by straigrht lines drawn from its 
centre. 




C 

The diagonals divide the parallelogram into four equal 
triangles. If now each of the sides he trisected and the centre 
O he joined to the points of trisection, the parallelogram is 
divided into twelve equal triangles, of which each of the 
required parts must contain four. 

Thus OA, OP, OQ form a solution. 

8. Cut off from a paraUelogram any part required (say two- 
fifths) by a straight line drawn paraUel to one of its sides. 

Use the methods of § 22, Exx. 10, 23. 

0. Cut off from a paraUelogram any part required (say two- 
fifths) by a straight line drawn through a point in one of its 

^^^^ Use the method of Ex. 5. 

10. Cut off from a triangle any part required by a straight 
line drawn through one of its angxQar point& 

See § 22, Ex. 11. 

11. Cut off from a triangle any part required by a straight 
line drawn through a point in one of its sidea 

Compare the previous Ex. and § 25, Ex. 1. 

12. Cut off from a quadrilateral any part required by a 
straight line drawn through an angular point. 

Use a method similar to § 25, Ex. 4. 

13. Divide a paraUelogram into five equal pcuiis by lines 
drawn through its centre. 

Use the method of Ex. 7. 

14. Inscribe a paraUelogram in a given triangle, so that its 
diagonals may intersect at a given point within the triangle. 

Use the method of § 24, Ex. 7, and § 15, Ex. 1. 
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§ 29. Construction of Triangles. 

The construction of triangles, when certain parts or certain 
relations between the parts are given, gives rise to many 
problems. 

Two problems of this kind are solved in Euc. I. 1 and 22, 
and another is given in § 24, Ex. 3. When two sides and 
the contained angle, or two l s and the adjacent side of a 
triangle, are given, the solutions are obvious. 

1. Constnict a triangrle, havingr GTiven two sides and an 
anerle opposite to one of the gri ven 8ide& 

A B 





Let A B, CD be the given sides ; E the given angle which 

is to be opposite CD. 
Construction — 

Draw any straight line FG. 

At F make l GFH = z. E. [Euc. I. 23. 

Cutoff FH=AB. 

With H as centre and radius = CD, 

describe a circle cutting FG in P, Q. 

Then either FH P or FHQ shall be the triangle required. 

Proof — 

F H = A B, [Construction. 

HP=HQ=CD, „ 

z.HFP=^E. 

Observe that if this circle does not cut FG there is no 
solution! If CD>AB, the point P lies in GF produced 
beyond F, and there is only one solution. Compare § 10, Ex. 1. 
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2. Construct a triancrle, havinsr fflven two angles and a side 
opposite to one of thexn. 




Let z.sABC, CBDbe the given angles. 

Produce AB to E. Then z. DBE is the third angle of the 
triangle. [Euc. I. 32. 

Thus we know two angles and the side adjacent to both of 
them. 



8. Construct a triangle, havinsr firiven the base, an anffle 
adjacent to the base, cuid the sum of the sides. 



A B = base^ l B AC = given angle, 

AC = sum of sides. 

Join BC, and make l CBP= l ACB. 

ABP is triangle required* 




4. Construct a triansrle, haviner firiven the base* an anerle 
adjacent to the base, and the difference of the sides. 

A B = base, z. B A E :== given angle, 

AC = difference of sides. 
Join BC. Make z. CBP= z. BCE. 

ABP is triangle required. 

Observe that if z. A be obtuse, 

AC must be taken on EA 

produced. 
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6. Construct a triangrle, bavinsr given the base, the vertical 
angle, and the sum of the sides. 




Let AB=base, AC = sum of sides, 

L AC D = vertical angle. 

Draw CE bisecting Z-ACD. 

With centre A and radius AB, describe a circle cutting 

CE in P, Q. Draw PR, QS || DC. 

Both As APR, QAS satisfy the conditions. 

They may be shown to be congruent. 



6. Ck>n8truct a triangle, having given the base, the vertical 
angle, and the difference of the sides. 




Q E 



Let AB=base, AC = difference of sides, 

L AC D = vertical angle. 

Produce AC to E, and let CF bisect l DCE. 

With centre A, and radius AB, describe a circle 

cutting CF in P. 

Draw PQ || DC, cutting AE in Q. 

APQ is triangle required. 
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7. Construct a trianerle, bavinir griven tbe sum of tbe sides, 
the vertical ansrle, and one of the angrles at the base. 

AB=sum of sides, 
L ABD= vertical angle, 
L BAC= angle at base. 
BP bisects z. ABD, etc. 
APQ is triangle required. 

8. Construct a trianfirle, havinsr griven the difference of the 
sides, the vertical angrle, and one of the angrles at the base. 

AB=difference of sides, 
^ AB D = vertical angle, 
L B AC = angle at base. 

B P bisects z. Q B D, etc. 
APQ is triangle required. A P~C 

Consider the case in which z. A is the greater angle at the 
base, and P falls on CA produced. 

9. Construct a triangrle, havingr sriven the base, the differ- 
ence of the angrles at the base, and the difference of the 
sides. 





AB=base, l ABC = difference of angles at base, 

AD = difference of sides. 

BPE bisects z-ABC. 

AP is produced to Q and z. CBR made = z. PAB. 

ABR is triangle required. 
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10. Construct a triangrlei bavingr griven the base, the diftbr- 
ence of the anerles at the baae^ and the sum of the aides. 




AB=base, z.ABC=di£ference of angles. 

BD bisects z. ABC. BE*x BD. AP=8um of sides. 

AP meets BD in Q. R is mid-point of PQ. 

ABR is triangle required. 

Observe that QRB is an isosceles triangle. [§ 12, Ex.1. 



11. Construct a triangle, havin^r sriven the perimeter and 
two anfiTles. 




AB=perimeter. 

L BAC, L ABD=giyen angles. 

AP, BP bisect angles BAC, ABD. 

PQ II CA, PR II DB. 

PQR is triangle required. 
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12. Construct a triansrle, having sriven two sides and tbe 
included median. 

>\ 
First construct A AC E, with 

the two given sides and twice 

the given median as its sides. 

Bisect AE in D, and produce ^"^ y^ "^^O 

CD its own length to B. 

ABC is the required triangle. 



18. Ck>nstnict a triansrle, havin^r Gfiven two sides and the 
median to one of the griven sldea 

Use the figure of Ex. 12. Construct A ADC with half 
the side to which the median is drawn, the other given side 
and the given median as its sides. 

Hence obtain the required triangle. 

14. Construct a trlangrle, havlner sriven one side and the 
medictns drawn from its extremities. 

First construct A ABC, with the 
given side BC, and § of each of 
the given medians as its sides. Pro- 
duce BA and CA half their lengths, 
etc. 

RBC is triangle required. 




B 



15. Construct a triangle havlngr GTlven the three medians. 

Q 
First construct A ABC with f of 

each of the given medians as its sides. 

Bisect AB in D, and produce CD its 

own length to P, and BA its own 

length to Q. 

QPC is the required triangle. 
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16. Construct a rigrlit-ajigrled triangrle, bavinir eriven one side 
and the difference between tbe hypotenuse and the sum of 
the two sides which contain the rigrht ansrle. 

D 




C B 

AB=given side, 

AC = given difference. 

Draw BD ± AB and=AB. 

Join CD. 

Make z.CDP=^DCB. 

DBP is the required triangle. 

17. Construct a rigrht-anfirled trianerle, havingr sriven the 
perpendicular tram, the right angrle on the hyx)otenuse, and 
one of the acute angrles. 

A AB=given perpendicular, 

PBQxAB; 

L BAP=given angle ; 

and AQx A P. 

APQ is the required triangle. 

18. Construct a right-angrled triangrle, havingr sriven the 
hypotenuse and the foot of the perpendicular on the hypo- 
tenuse from the right angle. 

E 



AB=hypotenuse. 
C E = perpendicular. 
Use property of § 12, Ex. 1, to find P. 
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19. Ck)nBtruct a rierlit-€tngrled triangrle, haviner GTiven the 
hypotenuse and the difference of the base angrles. 

D 
Bisect AB in C, draw CD x AB, 

and make l DC E= given difference. 

From CE cut off CP=AC. 

APB is required triangle. 

Compare § 12, Ex. 6. 

20. Construct a rigrht-anfirled triangrle, havingr eriven the 
hypotenuse €tnd the perpendiculeur on the hypoteniise from 
the rigrht angrle. 

A B = hy potenCise, 
AC = altitude. 
E is mid-point of AB. 
EP=EA; hence construction. 

21. Construct a trianfirle, havinir sriven the mid-points of the 
sides. Compare § 1 6, Ex. 2. 

22. Construct a rigrht-angrled trianerle, havinsr given the hypo- 
tenuse and one side. 

Use the method' of Ex. 1. 

23. Construct a rigrht-anfirled triauerle, havingr eriven the hypo- 
tenuse and the sum of the sides. 

Use the method of Ex. 5. 

24. Construct a rigrht-anfirled trietngrle, havingr griven the hypo- 
tenuse €tnd the difference of the sides. 

Use the method of Ex. 6. 

25. Construct a rigrht-auerled triangle, haviner given the peri- 
meter and one of the acute ansrles. 

Use the method of Ex. 11. 

26. Construct an isosceles ricrht-auerled triangrle, havinsr sriven 
the sum of the hypotenuse €tnd one side. 

Use the method of § 27, Ex. 11. 

27. Oonstract an isosceles rig^ht-anerled trianerle, having given 
the difference of the hypotenuse and one sida 

Use the method of § 27, Ex. 12. 

I 
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28. Construct a parallelognrain, havingr given two a4ia>cent 
sides and one diagronal. 

Use Euc. I. 22. 

29. Construct a parallelogrram, havlngr given one side and 
botb diagonals. 

Use Euc. I. 22, bisecting both diagonals. 

30. Construct a right-angled trianfirle, havinsr given one side 
and the siun of the hypotenuse and the other side. 

Use the method of Ex. 3. 

31. Construct an isosceles triangle, havingr given the base, 
and the sum of one of the equal sides and the perpendicular 
from the vertex to the base. 

Use previous Ex. to construct qpe of the two equal 
right-angled triangles into which the perpendicular divides 
the triangle. 

32. Construct a triangrle, havingr firiven an angle, an altitude 
drawn from another angrle, and the perimeter. 

This reduces to the case of Ex. 3. 

33. Construct an isosceles triangrle, havingr firiven the base 
and the difference bet'ween one of the equal sides and the 
perpendicular from the vertex to the base. 

Use the method of Ex. 4 to construct half the triangle. 

34. Construct an isosceles trianerle, havinfir griven the i)eri- 
meter and the altitude from the vertical angle. 

See Ex. 30. 

35. Construct an isosceles triajifirle, havinfir firiven the verti- 
cal angle and the altitude from it. 

36. Construct a rifirht-anfirled triangle, having griven an acute 
angle and the sum of the sides which contain the rifirht anfirle. 

Use the method of Ex. 7. 

37. Construct a right-anfirled trianfirle, havinfir firiven an acute 
angle and the difference of the sides which contain the right 
angle. Use the method of Ex. 8. 

38. Find two straight lines, havinfir griven their difference and 
the sum of their squares. 

Compare Ex. 24. 
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§ 30. Miscellanecms Problems, 

1. A and B are two points outside two parallel straigrlit 
lines, CD, EF ; find two points^ P, Q in CD, BF, such that PQ 
shall be parallel to a griven straigrht line OH, and that the 
rectilineal path APQB shall be the shortest possible. 




B 

Construction — 

From B draw BK= and || HG. [Euc. I. 31. 

Join AK meeting CD in P. 
Draw PQ II GH, meeting EF in Q. [ „ 
Join BQ. APQB shall be the path required. 
Proof — 

Draw any other straight line RS || GH, 
meeting CD, EF in R, S. 
Join AR, BS. 
PQBK, RSBK are both parallelograms; 
.-. AP+PQ+QB=AK + KB. [Euc. L 34. 

Also AR+RS+SB=AR+RK+KB; 
butAR+RK>AK; 
.-. AR + RS+SB>AP+PQ+QB. 
But ARSB is any other path subject to the given condition ; 
.•. APQB is the shortest possible path. 



FEuc. I. 20. 
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2. Construct €tn isosceles trlanerle of given altitude, wbose 
sides shall pass througli two given points^ and which shall 
have its base on a given line. 



Let A, B be the given points ; 

CD the given line; 

CE the given, altitude. 

Draw EF II CD, and use the 

construction of § 27, Ex. 1. 



3. Construct a quadrilateral, havingr given its four sides and 
the line joining the mid-points of two opposite sidea 

Let EG be the given line. 

Since EJ^^AD, JG=^BC. 

We can construct the zzzzE I G J ; 

thus I J is known. 

Similarly, we can construct zzzzFI H J. 

The As AEH, BEF, etc., can now 

be constructed. 

. 4. Find two straight lines, havingr sriven their sum and 
diffexrence. 

AB=sum: 

A E p B AE=CD=difference: 

C p P is mid-point of E B. 

AP, PB are the required lines. 

6. Inscribe an isosceles triangle in a given square, so that 
the vertex may coincide with an angrular point of the square 
and the bcuse be equeJ to a given straight line. 

A__ _P 

Let AQR be the triangle. 

p AC bisects QR in P. 

By § 12, Ex. 1, 

PC=iQR=iEF. 

Hence obtain a construction. 





Q 
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6. Inscribe a square in a griven square, havingr its diagonal 
equal to a griven straigrht line. 




R C 



With O as centre and radius =|^ given diagonal, 

describe a circle cutting AD in P. 

Join OP, and produce PO to meet BC in R. 

Draw QOSxPR, etc. 

Consider the case in which P lies on AD produced. 



7. Inscribe a square in a quadrant of a circle. 



Bisect L BAC, etc. 




a B 



& Inscribe a square in a rifirht-cuigrled isosceles triangle, one 
side being on tbe hypotenuse. 



Trisect BC in P, Q, etc. 





S 

/ 


/ \ 


R 


/ 






B 




' c 


\ C 
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9. Divide a triangrle by two straisrlit lines Into three parts 
wlilch can be arranged so as to form a parallelogram with a 
given angle. 



PAS 




Bisect AB, AC in F, E. 
Let DCB=giyeii angle, etc. 



10. A, B are two points on the same side of a straight line CD ; 
find a point P in CD such that AP+BP may be a minimvim. 

Use § 21, Ex. 1, and compare § 27, Ex. 1. 

11. Inscribe an equilateral triangle in a square, so that a 
vertex of the trieuigle may coincide with an angular point of 
the square. 

Make an angle with the diagonal equal to half the 
angle of an equilateral triangle. 

12. Inscribe an equilateral tricmgle in a square, so that a 
vertex of the triangle may coincide with the mid-point of a side 
of the square. 

The sides of the triangle are equal to the sides 

of the square. 

13. In a given square inscribe a square having its sides equal 
to a given straight line. 

Find diagonal of required square, and see Ex. 6. 

14. Given the base and area of a triangle, find its vertex so 
that its perimeter may be a minimum. 

See § 21, Ex. 3. 

15. Given the base and perimeter of a triangle, find its vertex 
so that its area may be a maximum. 

See § 21, Ex. 8. 



APPENDIX. 

Ununciations of the Propositions and Corollaries of 

Euclid, Book I. 

1. To construct an equilateral triangrle on a griven straifirlit line. 

2. From a griven point to draw a straigrht line equal to a griven 
straigrlit line. 

3. From the grreater of two griven straigrht lines to cut off a part 
equal to the less. 

4. If two sides €tnd the contained angrle of one triangrle be re- 
spectively equal to two sides and the contained angrle of another 
triangrle, the t'wo triangrles shall be equal in every respect. 

6. The angrles at the base of an isosceles triangrle are equal ; 
and^ if the equal sides "tie produced, the angrles on the other side 
of the base shall also be equaL 

Cor.— Every equilateral triangrle is also equiangrular. 

6. If two angrles of a triangrle be eqvial, the sides opposite to 
them shall also be equal. 

Cor.— Every equiajigrular triangrle is also equilateral. 

7. On the same base, and on the scune side of it, there cannot 
be two triangrles havlngr the sides which are terminated at one 
end of the base equal and also those which are terminated at the 
other end. 

8. If three sides of one triangrle be respectively equal to three 
sides of another triangrle, the two triangrles shall be equal in 
every respect. 

9. To bisect a griven angrle. 

10. To bisect a griven straigrht line. 

11. To draw a straigrht line at rigrht angrles to a griven straigrht 
line from a griven point in the line. 

12. To draw a straigrht line perpendicular to a griven straigrht 
line from a griven point outside the line. 

1S5 
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13. The €tngrles which one straifirht line makes with €tnother on 
one side of it are togrether equal to two rigrht anerles. 

Cor. i.— If two straigrht lines cut one another, the anglea 
formed shall be togrether equal to four rigrht anerles. 

Cor. ii.— If any number of straigrht lines meet in a point, the 
angrles formed shall be togrether equal to four right 
angrles. 

14. If at a point in a straigrht line two other straight lines on 
opposite sides of it make adjacent angles which are togrether 
equal to two right angles, these two straight lines shall be in 
one €tnd the same straight line. 

15. If two straight lines cut one another, the verticctUy opposite 
angles shall be equal. 

16. If one side of a triangle be produced, the exterior angle 
thus formed shaJl be greater than either of the two Interior 
opposite angles. 

17. Any two angles of a triangle are together less than two 
right angles. 

18. If one side of a triangle be greater than another side, the 
angle opposite to the greater side shaJll be grreater than the angle 
opposite to the other. 

10. If one angle of a triangle be greater than another, the side 
opiK>site to the greater ajigle shall be greater than the side 
opposite to the other. 

20. Any two sides of a triangle are together greater thaji the 
third side. 

21. If from the ends of a side of a triangle two straight lines 
be drawn to a point within the triangle, these two straight lines 
bhall be together less thaji the other two sides of the triangle, 
but they shall contain a greater angle. 

22. To construct a tri€tngle whose sides shall be equal to three 
given straight lines, any two of which are greater than the third. 

23. At a given point in a griven straight line, to mcUse an angle 
equal to a given angle. 

24. If two triangles have two sides of the one respectively 
equal to two sides of the other, but the contained ajigles unequal, 
the base of the triangle which has the greater contained angle 
shall be greater than the base of the other. 
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25. If two triaxifirles have two sides of the one respectively equal 
to t'wo sides of the other but the bases unequal, the angrlo con- 
tained by the two sides of the triangrle which has the greater 
base shall be grreater than the angrle contained by the two sides of 
the other. 

26. If two angrles and a side in one triangrle be resi)ectively equal 
to two angrles and the corresponding: side in another, the t-wo 
triangles shall be equal in every respect. 

27. If a straigrht line cutting: two other straigrht lines make the 
alternate angrles equal, the two straigrht lines shall be pai^llel. 

28. If a straight line cutting two other straight lines make an ex- 
terior angle equal to the interior opposite angle on the same side 
of the cutting line, or make the two interior angles on the same 
side of the cutting line together equal to two right angles, the 
two straight lines shall be parallel. 

29. If a straight line cut two parallel straight lines, it shall make 
the alternate angles equal, and any exterior angle equal to the 
interior opposite angle on the same side of the cutting line, and 
the two interior angles on the same side of the cutting line to- 
grether equal to two right angles. 

30. Straight lines which are parallel to the same straight line 
are pajrallel to each other. 

81. Through a given point, to draw a straight line parGkLlel to a 
griven straight line. 

82. If one side of a triangle be produced, the exterior angle 
shall be equal to the sum of the two interior opposite angles, and 
the three interior angles aj^ together equal to two right ajigles. 

Cor. i— All the interior angles of any rectilineal figrure to- 
gether with four right angles are equal to twice 
as many right angles as the jagure has sides. 

Cor. ii.— All the exterior angles of any rectilineal flgrure are 
together equal to four right angles. 

33. The straight lines which join the ends of two equal and 
parallel straight Unes towards the same parts are themselves 
equal and paraJlel. 

84. The opposite sides and opposite angles of a parallelogrram 
are equal, and either dicigronal bisects the parallelogram. 

35. Parallelograms on the same base and between the same 
parallels are equaJ. 
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36. ParallelogTams on equal bases and between the same 
parallels are equal. 

87. Tricuierles on the same base and between the same parallels 
are equal. 

3& Trlangrles on equeJ bases and between the same parallels 
are equal. 

88. Equal trianerles on the same side of the same base are 
between the same parallels. 

40. Equal trlangrles on the same side of equal basses which are 
in the scune straigrht line are between the same parallels. 

41. If a parallelogram and a triangrle be on the same base and 
between the same parallels, the parallelogram shall be double 
the triangle. 

42. To construct a parallelogram which shall be equal to a 
given triangle and have an angle equal to a given angle. 

43. The complements of the paralleloGrrams which are about a 
diagonal of a parallelogram are eque^. 

44. On a given straight line to construct a parallelogram which 
shall be equal to a given triaiigle and have an angle equal to a 
given angle. 

45. To construct a parallelogram which shall be equal to a 
given rectilineal figure and have an angle equal to a given angle. 

46. To construct a square on a given straight line. 

47. In a right-angled triangle the square on the hypotenuse is 
equal to the sum of the squares on the other two sides. 

48. If the squaj^ on one side of a triangle be equal to the siun 
of the squares on the other two sides, the angle contained by 
these two sides shall be a right angle. 
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Enunciations of Standard Theorems, Constructions, 

and Loci. 

§ 1, Ex. 4. If througrh the mid-point of a griven straigrht line a 
X>erpendicular to the line be drawn, any point in the perpen- 
dicular shall be equally distant from the extremities of the 
sriven line. 

§ 8, Ex. 6. The straigrht lines drawn at rigrht angrles to the sides 
of a triangrle from their mid-points, meet in a point which is 
equally distant from the three vertices of the triangrle. 

§ 4, Ex. 1. The bisectors of the a4Jacent angrles, formed by one 
straigrht line standing: on another straigrht line, are at rigrht 
angrles to each other. 

§ 5, Ex. 1. The straigrht line drawn from any angrular i>oint of a 
triangrle to the mid-point of the opposite side is less than half 
the sum of the other two sides. 

§6, Ex.7. The difference between two sides of a triangrle is less 
than the third side. 

1 8, Ex. 1. Of all straigrht lines which can be drawn to a griven 
straigrht line from a griven point outside, the perpendicular is 
the leeist ; and, of the others, those which make equal angrles 
-with the perpendicular are equal, and that which makes a 
grreater angrle with the perpendicular is grreater than that 
-which makes a less angrle. 

S 9, Ex. 1. Two rigrht-angrled triangrles shall be congrruent if 
they have one of the sides contedningr the rigrht angrle in the one 
equal to one of the sides containingr the rigrht angrle in the other, 
and also the hypotenuses equal. 

§9, Ex.6. The bisectors of the three angrles of a triangrle are 
concurrent. 

§ 9, Ex. 7. The bisectors of the vertical angrle of a triangrle and 
of the two exterior angrles at the extremities of the base are 
concurrent. 
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§ 10, Ex. 1. If two triangrles have two sides of the one equal to 
two sides of the other, each to each, and have likewise the 
angrles equal which are opposite to one pair of equaJ sides, the 
angrles opposite to the other pair of eqiial sides shall be either 
equal or supplementary ; and, in the former case, the trianfirles 
shall be congruent. 

§11, Ex.4. If two intersectingr straicrht lines be respectively 
parallel to two other intersectinfir straigrht lines, any angle made 
by the first pair shall be either equal or supplementary to any 
angle made by the second pair. 

§12, Ex. 1. In a rifirht-angled triangle the mid-point of the 
hypotenuse is equally distant from the three angrular points. 

§ 18, Ex. 1. If in a rigrht-angled triangrle one of the acute angles 
be twice the other, then the hypotenuse shall be equal to twice 
the side opi>osite the smaller acute angrle. 

§ 15, Ex. 1. The diagonals of a parallelogram bisect each other ; 
and conversely, if the diagonals of a qua/irilateral bisect each 
other, the quadrilateral shall be a parallelogram. 

§ 16, Ex. 1. The straigrht line which Joins the mid-points of two 
sides of a triang'le is parallel to the base and equal to half of 
it; and, conversely, the straight line drawn through the mid- 
point of a side of a triangle parallel to the base bisects the other 
side. 

§ 16, Ex. 2. The straifirht lines which Join the mid-points of the 
sides of a triancrle divide it into four confirruent triekn^rlea 

§ 16, Ex. 3. If the mid-points of the a^jsrcent sides of any quad- 
rilateral be Joined, the figure thus formed shall be a parallelo- 

§ 16, Ex. 8. A, C are points on the same side of PQ, and B is 
the mid-i>oint of AC ; throufirh A, B, C parallel stralgrht lines are 
drawn, meetingr PQ in D, E, F ; show that AD+CP=2 BE. 

§ 16; Ex. 9. A, C cure points on opposite sides of PQ, and B is 
the mid-point of AC ; through A, B, C parallel straierht lines are 
drawn, meetinfir PQ in D, E, F ; show that AD~CF=2 BE. 

§ 17. Ex. 1. The medians of a triangrle are concurrent. ' 
§ 17, Ex. 4. The altitudes of a triangrle are concurrent. 
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§ 18, "Fix. 1. If the area of a quadrilateral be bisected by one 
of its diafiTonals, this diasonal shall bisect the other diagonal; 
and conversely, if one diagonal bisect the other diagonal, It 
shall bisect the qoadrilateraL 

§ 18, Elz. 2. A -median of a triancrle bisects every straight line 
drawn parallel to the base and terminated by the sides, or sides 
produced. 

§ 18, Ex. 3. If two triangles stand on equal bases in the same 
straight line, and are between the same i>arallels, and if a straight 
line be drawn parallel to the bases, the intercepts made by the 
sides of the triangles (or the sides produced) shall be equal. 

§ 18, Ex. 5. The area of a triangle is one-half that of a rect- 
angle whose base and altitude are equal to those of the triangle. 

Cor. i.— Triangles on equal bases and of equal altitudes are 
equal. 

Cor. it— Equal triangles on equal ba,ses have equal altitudes. 

Cor. Hi.— Equal triangles with equal altitudes have equal bases. 

§ 20, Ex. 8. AB is bisected in C ; show that AB3=4 AC^ 

§ 20, Ex. 5. If AN be the altitude from. A in the A ABC ; show 
that AB2-AC2=BN«~CN2. 

§ 21, Ex. 1. If, from, two fixed points on the same side of a 
given straight line, straight lines be drawn to a point in the 
given line, the sum of the lengths of these lines shall be leeLst 
when they ma>ke equal angles with the given line. 

§ 22, Ex. 1. Trisect a right angle. 

§ 22, Ex. 10. Divide a given straight line into any number of 
equal parts. 

§ 22, Ex. 11. Divide a triangle into any number of equal parts 
by lines drawn through the vertex. 

§ 23, Ex. 1. Find the locus of a point which is equidistant from 
two eriven points. 

§ 23, Ex. 2. Find the locus of a point whose distance from a 
given point is equal to a given straight line. 

§ 28, Ex. 3. Find the locus of a i>oint whose distance from a 
given straight line of unlimited length is equal to a given finite 
straight line. 
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§ as, Ex. 4. Find the locus of a i>oint whicli is eqmdistant fix^m 
two intersecting' straigrht lines. 

§ 23, Ex. 6. Find the locus of the vertex of a triangle of given 
area on a given base. 

§ 25, Ex. 2. Bisect a triangle by a line drawn through a point 
in one of its sides. 

§ 25, Ex. 8. Construct a rectilineal figure equal to a given recti- 
lineal figure, and having fewer sides by one than the griven 
figure. 

§ 25, Ex. 4. Bisect a quadrilateral by a straight line drawn 
through an angrular point. 




